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Preface

These are the notes for a lecture course on triangulated and derived categories offered in the Winter
Term 2024/25 at the University of Paderborn. It is the continuation of a course on homological
algebra, and consequenly the course is aimed at students with some basic knowedge of category
theory (e.g., Yoneda lemma, (co)limits, adjunctions) and abelian categories. The lecture focuses on
the theory rather than examples, and so it helps for the understanding if the reader has had some
exposure to classical derived functors. Nevertheless, the aim of these lectures is to give a systematic
and largely self-contained treatment of triangulated and derived categories.






Introduction

The evolution of derived functors and the derived category

This section serves an entirely motivational purpose addressed at an audience that is already familiar
with the basic notions of homological algebra. We want to trace the history of derived functors and
the ideas that led to the definition of the derived category. To keep the exposition reasonably short
there will be no proofs, but most of the unproven statements are straightforward suitable exercises
for the interested reader (with one exception which is indicated below).

Let F': C — D be a left exact functor between abelian categories. The non-exactness of F' means
that we lose information by applying F' to exact sequences. To recover the lost information, one
can try to define a family of functors R*F = {R'F: C — D};>¢ such that RYF = F and every short
exact sequence 0 - A — B — C — 0 gives rise to a long exact sequence

0 — F(A) = F(B) = F(C) = R'F(A) = R'F(B) — R'F(C) — R*F(A) — - --

such that R*F is universal in a precise sense (see Definition 0.5 below).
Following [Buc60] or [CE56, Chapter III], let us take a naive approach via “satellites”. Let A € C.

Then for every short exact sequence £ = [0 — A ps @ — 0] in C we can define a new object
SeF(A) € D as the cokernel

F(P) £ p(Q) — SeF(A) = 0.

Of course, SgF(A) depends on the choice of P and f. But one easily checks that if we have a
morphism

g 0 ALl .p_9.,9 0
(0.1) H la l‘*'
& 0 A—— P —— @ 0
f g

of short exact sequences (where the left vertical map is the identity on A), we obtain a morphism
95/ : SgF(A) — Sg/F(A)
Erercise 0.1. Show that 0%, is independent of o (and o).

iii



iv INTRODUCTION

We now define the category! Z4 whose objects are short exact sequences £ = [0 — A — P —
@ — 0] and where we have a unique morphism £ < £’ if and only if there exists a morphism of
short exact sequences as in (0.1).

Ezercise 0.2. Verify the following statements:

e 7, is a directed class, i.e., for all £,&" € T4, there exists £” € T such that £ < £” and
& < .

e The assignment Z4 — D, £ — SgF(A) is a functor.

We may thus define

SF(A) = lim SeF(A) € D
EELA

whenever the colimit exists.

Ezxercise 0.3. Let A € C and suppose that there exists a monomorphism A < I into an injective
object of C. Show that £ = [0 = A — I — A/I — 0] is the unique maximal element in Z4. We
conclude that the canonical map SgF'(A) = SF(A) is an isomorphism in D (and in particular
SF(A) exists).

Ezercise 0.4. (i) Show that the assignment A — SF(A) defines an additive functor C — D.

(ii) (Difficult) Suppose that the formation of filtered colimits in D is exact. Show that for all short
exact sequences 0 - A — B — C — 0 in C, we obtain an exact sequence

F(A) — F(B) - F(C) — SF(A) — SF(B) — SF(C).

The construction of SF actually makes sense if F' is only required to be “half exact”, meaning
that, if 0 = A — B — C — 0 is a short exact sequence, then F(A) — F(B) — F(C) is exact.
Defining R'F := F and R"F := S(R"'F) for all n > 1 then achieves the desired construction of
the family R®F'. In fact, the construction shows that R®F is a universal §-functor in the following
sense:

Definition 0.5. Let C and D be abelian categories. A §-functor T®: C — D consists of the following
data:

(i) for every i € Z>¢ a functor T": C — D;

(ii) for every i € Z>o and every short exact sequence
(0.2) E=0-A—B—C—=0
in C a morphism §%: T(C) — T*+1(A), called the connecting homomorphism;

these data are required to satisfy the following conditions:

la partially ordered class, really
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(a) for all short exact sequences (0.2) the sequence

0 —— TY(A) —— TYB) —— T°(C)

82
L TY(A) —— THB) —— T(C)
o2

L T?(A) — T*(B) —— ---

is exact—it is called the long exact sequence associated with (0.2);

(b) Naturality: for every morphism

E: 0 A B C 0
Ll
A 0 A B’ c’ 0

of short exact sequences, and for all ¢ € Z>(, the diagram

Ti(C) %5 Tit1(4)

| |

Ti(C") —— T+1(A')

6%
is commutative.
Moreover, T* is called universal if, additionally, it satisfies the following condition:

(¢) Universality: for every d-functor T®: C — D and every natural transformation a®: 70 — 70,
there exist unique natural transformations a: T¢ — T (i > 0) such that for every short exact
sequence (0.2) and all 4 > 0 the diagram

Ti(C) —2s Tit1(4)

is commutative.

_ In other words: a é-functor 7*: C — D is universal if and only if for every other J-functor
T*: C — D, every natural transformation 7° — T extends uniquely to a morphism T — T* (for
the obvious notion of morphism of d-functors). As usual, it follows that the extension of 7° to a
universal d-functor is unique up to unique isomorphism.

A useful criterion to check whether a §-functor is universal is the following:
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Exzxercise 0.6. Recall that an additive functor T': C — D is called effaceable if for all A € C there
exists a monomorphism ¢: A — I in C such that T'(:) = 0.

Let T*: C — D be a é-functor and suppose that for all i > 1 the functor 7% is effaceable. Show
that T is universal.

The above construction shows that R‘F(I) = 0 for all i > 1, whenever I is injective. Hence, if C
has enough injectives, then R®F is indeed a universal J-functor, which is called the derived functor
of F. The derived functors R®*F' can be succinctly computed as follows:

Ezercise 0.7. Let F': C — D be a left exact functor and suppose that C has enough injectives. Let
A — I*® be an injective resolution of A € C. Show that R'F(A) = H*(F(I*)) for all i > 0.

However, this definition of derived functors poses its own set of challenges:

e Exercise 0.7 indicates that the d-functor R®F' is actually just a shadow of a more conceptual
entity. It suggests that the derived functor should actually be defined as the complex F(I*),
because passing to cohomology and remembering the connecting homomorphisms still loses
information. One then needs to construct the correct category of complexes on which derived
functors can be defined; this is the derived category.

e Let F': C — D and G: B — C be two left exact functors, and suppose that B and C have
enough injectives. Can we describe R®*(F o GG) in terms of R*F and R*G? In good situations
we can recover one from the other, but the answer is still complicated: If for every injective
object I € B we have R'F(G(I)) = 0 for all i > 1, then there is a converging spectral sequence

EY =R'F(R’G(B)) = R™(F o G)(B)

for all B € B; and in even better situations the spectral sequence is manageable. But as soon
as we want to compute the derived functor of the composition of three left exact functors, we
are in trouble. The language of derived categories simplifies the picture.

Keller [Kel96] suggests that the considerations leading Grothendieck to the definition of the
derived category of C are the following: Let F': C — D be a left exact functor. If A — I* and
A — J* are two injective resolutions of A € C, then there is a homotopy equivalence I* = J*
extending the identity on A. Then F(I®) — F(J*) is a homotopy equivalence, and in particular a
quasi-isomorphism. Instead of injective resolutions it is often more practical to compute R*F'(A)
using an F-acyclic resolution A — X*, that is, a resolution where each X satisfies R7F(X") = 0
for all j > 1. In that case, the identity on A still extends to a quasi-isomorphism X*® — I°® such
that the map F(X*) — F(I*®) is a quasi-isomorphism.

These observations suggest to construct the derived category D(C) from the category C(C) of
complexes by formally inverting all quasi-isomorphisms. The derived functor is then the “universal
extension” of F' to a functor RF: D(C) — D(D).

But why should we care about this abstract definition of derived functors? The answer is that
this new formalism allows for very simple formulations and proofs of classical results, which in the
traditional language would be a complete mess. We illustrate this with the (rather extreme) example
of the Kiinneth relations. Let X and Y be compact topological spaces and R a commutative ring
with 1. Let F € Modgr(X) and G € Modg(Y') be sheaves of R-modules on X and Y, respectively.
Then we have:
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Theorem 0.8 (classical Kiinneth formula). (1) Suppose R = Z and that either F or G is torsion-
free. Then we have split short exact sequences

0— P B(X, F)oH(Y,G) » H' (X x Y, F®G) »  Tof(H(X,F),H(Y,G)) — 0
pt+q=n p+g=n+1

(2) In general, there exist two spectral sequences

P = D Torl, (H(X, ), (Y. 9),
r+s=q
//Eg,q — HP(X X KTOTIEq(fa g))?

which have isomorphic abutments.

Compare this with the following version:

Theorem 0.9 (derived Kiinneth formula). There is a natural isomorphism in the derived category
D(R) of R-modules

RI(X, ]-“)(%RF(Y, G) = RT(X x Y,f(%g),

where RT'(X, =) denotes the right derived functor of the global sections functor and ®I§ denotes the
left derived functor of the temnsor product functor.

It turns out that the derived category D(C) is not abelian in general, but instead carries the
structure of a triangulated category: It is canonically endowed with a shift functor and “triangles”
which provide a formalism akin to that of abelian categories. The idea is that the localization
functor C(C) — D(C) factors through the homotopy category K(C) of complexes. The advantage of
working with the intermediate category K(C) is (at least) two-fold: for one, K(C) has the structure
of a triangulated category which is inherited by D(C). On ther other hand, K(C) admits a “calculus
of fractions” for quasi-isomorphisms, and as a consequence it turns out that D(C) is actually locally
small.

The goal of these lectures is to provide a detailed treatment of derived and triangulated categories.






Chapter 1

Recollections

§1. Additive Categories

Although we expect the reader to know what categories and abelian categories are, the treatment
of additive categories in the literature is unsatisfactory, which is why we will spend some time on
discussing them.

Definition 1.1. Let C be a category with finite products, and denote by * the terminal object.
(i) A monoid in C is a tuple (M, e, m) consisting of the following data:

(a) an object M € C;
(b) amap e: *x - M in C, called the identity or unit;
(¢) amap m: M x M — M in C, called the multiplication;

these data are required to make the following diagrams commute:

exid

a M = xxM ——= MxM
M x (M x M) =5 (MxM)x M55 Mx M ~]
) l M x x
idxm m m
idxel
M x M M

m

M x M “ M

The monoid (M, e, m) is called commutative if in addition mos = m, where s: M xM — MxM
is the automorphism switching the factors.
A morphism (M,e,m) — (M’ ,e’,m’) of monoids consists of a map f: M — M’ in C such
that the diagrams

MxM-—"- M *x —4 M

fxfl lf \ lf

e
M/

M x M —— M’

commute.
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We denote by Mon(C) (resp. CMon(C)) the category of monoids (resp. commutative monoids)
in C.

(ii) A monoid (M, e,m) in C is called a group if the map

(m,pry): M x M = M x M,
(avb) — (abab)

is an isomorphism in C. A commutative group in C is a group which is commutative as a
monoid.

We define Grp(C) € Mon(C) as the full subcategory of groups in C. Similarly, we write
CGrp(C) € CMon(C) for the full subcategory of commutative groups in C.

Instead of (M, e, m) we will usually just write M to denote a monoid/group and leave the identity
and multiplication implicit.

Example 1.2. (i) A (commutative) monoid in C = Set is a (commutative) monoid in the tradi-
tional sense, i.e., a tuple (M, e, -) consisting of a set M, an associative (commutative) binary
operation M x M — M, (a,b) — ab and a two-sided neutral element e € M.

Similarly, a (commutative) group in Set is a (commutative) group in the traditional sense.

(ii) What is a monoid in the category C = Ab of abelian groups? We claim that on every M € Ab
there exists a unique structure of a commutative group in Ab: Since * = {0} is also initial,
there is a unique map e: {0} — M (namely the one with image 0 € M). As the product
X is also a coproduct in Ab, the multiplication m: M x M — M is uniquely determined by
its restrictions to {0} x M and M x {0}, where it is required to be the identity. But this
means m(a,b) = a+ b for all a,b € M. So the structure (M, e, m) just encodes the structure
of being an abelian group. Moreover, every morphism in Ab is automatically a morphism of
commutative groups in Ab.

To summarize, we have CGrp(Ab) = Grp(Ab) = CMon(Ab) = Mon(Ab) = Ab.

The last example suggests to axiomatize those categories for which each object is canonically
endowed with the structure of a commutative group.

Definition 1.3. Let C be a category.

(a) A zero object is an object 0 € C which is both inital and final.

In the case where C admits a zero object 0, we make the following trivial observations:

e Every initial (resp. final) object of C is a zero object.

e For all M, N € C the set Hom¢ (M, N) has a distinguished element given by the unique
map M — 0 — N; it is called the zero morphism and is also denoted by 0. Moreover,
for every other morphism f in C we have 0o f = fo0 = 0.

'n the literature, C is called pointed if it admits a zero object.
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(b) Assume that C admits a zero object 0. Let M, N € C such that the product M x N exists.
We say that M x N is a biproduct, and write

M &N =M x N,

if the canonical maps ip;: M = M x0 — M x N andiy: N =0x N — M x N exhibit M x N
as a coproduct in C. In other words, M U N exists and the map (ip,in): MUN = M x N
is an isomorphism.

We say that C has biproducts if C admits a zero object and finite products, and every product

is a biproduct.

Lemma 1.4. Let C be a category with biproducts. Then we have CMon(C) = Mon(C) = C.

Proof. The argument is the same as in Example 1.2(ii). O

Definition 1.5. Let C be a category which has biproducts (and in particular a zero object 0).

(i) C is called additive if every M € C is a (commutative) group when endowed with its canonical
commutative monoid structure.

(ii) A functor F: C — C’ between additive categories is called additive if F preserves finite
products. Equivalently, the canonical maps F'(M x N) = F(M) x F(N) and F(x) = * are
isomorphisms, for all M, N € C.

Example 1.6. (i) We have seen above that Ab is an additive category.

(ii) More generally, for every ring R, the category Mod(R) of R-modules is additive.

(iii) Let X be a topological space. Then the category PSh(X, Ab) of presheaves with values in
abelian groups is additive. Similarly, the full subcategory Shv(X, Ab) C PSh(X, Ab) of sheaves
with values in Ab is additive.

Lemma 1.7. Let F: C — D be a functor which preserves finite products. Then F preserves
(commutative) monoids/groups. In other words, F induces a functor

Mon(C) — Mon(D)

which restricts to functors CMon(C) — CMon(D), Grp(C) — Grp(D), and CGrp(C) — CGrp(D).

Proof. 1f (M, e, m) is a monoid in C, we obtain a monoid (F(M), ep ), mp(v)) in D by setting

eran: * = F(x) 2 P(M) and mpy: F(M) x F(M) = F(M x M) 2% p(M). Since F

preserves finite products (and in particular the terminal object) and the definition of “monoid” is
entirely diagrammatic, it is straightforward to check that F(M) is a monoid. More precisely, we
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have the following commutative diagrams:

idme‘(IW)

[ Py Y

( (F(M) x F(M)) x F(M) — F(M) x (F(M) x F(M)) —— F(M) x F(M x M) ekl F(M) x F(M)

mp vy Xid TN T” TN ME(m)
i m

F(M x M) x F(M) $————— F((M x M) x M) ——— F(M x (M x M)) M F(M x M)
lF(m) xid lF(mXid) lF(m)
~ F(m)
F(M) x F(M) $——————— F(M x M) F(M)

L — J

and
eF(IW)Xid
[ F(e)xid ¥
) ————— « X F(M) «—— F(x) x F(M) —— F(M) x F(M)
h )Xk " F(M %F(*XM)M (M x M)
ldXeF(j\/I) T lN
F(M F( ) (LF(MX*) F(m Mp (M)
idx F e)l lF(idXe) (_J
F(M) x F(M) «~— F(M x M) Fm) F(M).
L Mp (M) j

Example 1.8. Let C be a category with finite products. For every C' € C the functor
Home (C, —): C — Set

preserves finite products. Hence, Lemma 1.7 shows that for every (commutative) monoid/group M
in C, the set Hom¢(C, M) becomes a (commutative) monoid/group in Set.

The neutral element is the unique map C' — % — M. For morphisms f,g: C — M in C, their

multiplication m(f,g) is given by the composite C % M x M 25 M.

Corollary 1.9. Let C be a category with biproducts. Then C is additive if and only if for all
M, N € C the commutative monoids Home (M, N) are abelian groups.
Moreover, if this is the case, then the composition maps

Home (M, N) @ Home (L, M) —s Home (L, N),
(f,9)— fog

are bilinear.
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Proof. The “only if” direction is clear from Example 1.8. Conversely, suppose that all Hom spaces
Home (M, N) are abelian groups. For an arbitrary N € C we have to show that the map

(1.1) NoN TP oy

is an isomorphism in C. Since for each M € C, Hom¢ (M, N) is an abelian group, the top horizontal
map in the diagram

Home (M, N) & Home (M, N) —"P20 5 Home (M, N)

Home (M, N & N) Hom L)) Home (M, N)
is an isomorphism. Hence, the lower horizontal map is an isomorphism. By the Yoneda lemma, we
conclude that (1.1) is an isomorphism. In other words, N is a group. Hence, C is additive.

We now prove that the composition maps are bilinear. Since Hom¢ (L, —) enhances to a functor
C = CGrp(C) — CGrp(Set) = Ab by Example 1.8, we deduce that for every morphism f: M — N
in C the map Home(L, f): Home(L, M) — Home(L, N) is additive. In other words, we have
fol(g1+9g2)=fogi+ fogs forall gi1,g0 € Home(L, M).

The fact that (f1 + f2) o g = f1 0 g+ f2 o g follows from the commutativity of the diagram

g M fitf2
/ l(fh
(f109,f209)

L N®N —— N.
— iogtieg

O

Exercise 1.10. Let F': A — B be a functor between additive categories and assume that F' preserves
binary products, i.e., F(M x N) = F(M) x F(N) for all M, N € A.
(i) Show that for all M, N € C the maps Hom 4(M, N) — Homg(F(M), F(N)) are additive.
(ii) Let M € B. Show that M = 0 if and only if idy; = 0 in Homp (M, M).
(iii) Show that F'(0) = 0 and conclude that F is an additive functor.

Remark 1.11. Let C be a category with biproducts.

(a) Let M, N € C. Then the biproduct M @& N comes with inclusions ips = (idas,0): M — M@ N,
iy = (0,idy): N — M & N and projections py;: M & N — M, pn: M @& N — N such that
the following relations are satisfied:

pu o iy = idyy, py oiy = idy,
pumoin =0, pN oin =0,

idM@N = iM opm + iN O PN-

These data actually characterize M @ N as the (bi)product.
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Indeed, let Y € C and let mp;: Y — M, wny: Y — N be two maps. We need to show that
there exists a unique map f: Y — M & N such that py; o f = wps and py o f = wn. For the
uniqueness, let f: Y — M @ N be any map with py; o f = 7wy and py o f = . Then

f=idygnof=(imopmw +inopn)of
iyyopyof+inopyof=iyomy +inony,

which proves uniqueness. We now check that f = iyompy+iyonmy definesamapyY — MG N
with the required properties:

prvof=puo (inomy +in O0mN) = Tar0ing 0 Tar +PaOin O TN

=idyomy +00mNy =,

and similarly py o f = 7.

(b) Let Al,...,An,Bl,... B € C. Letig,: Aj — @i, A;, i,: Bl — @, Bx be the
inclusions and py; @ A — Aj, g, @k . B = By the prOJeCtIOnb characterizing the
biproducts as in ( ) Then the map

Hom¢ (@ AZ,@Bk) ééHomc(AmBk)a

i=1 k=1
f'—> (ka OfOiAi)hW

n

m
ZZBk o friopa, < (fki)k,z

i=1 k=1

is an isomorphism of abelian groups. Under this isomorphism, morphisms are composed like
matrices. Indeed, given C1, ..., C, € C and matrices (fxi)x, € D, B;-, Home(A;, By) and
(k)i € By B;—, Home(By, C;), then we compute the composite as

m n
(gik)i,k © (fri) ki < (Zzlcl ° gk Op3k> o (Z zin/ o frri OPAi)

=1 k=1 k=1 i=1
T m m n

= E E E E i, © ik OPB;, © 1B, Ofk'i 0 DA,
I=1 k=1k'=1i=1 —

=idp, if k =k’ and = 0 otherwise

o (Z ik © fki) opa,
= k=1
m
- o fri
(;::1 ik fm)l .

I
.

N
Il
-
-
-

)

For this reason, we usually treat morphisms in an additive category as matrices whenever it
is convenient.

We end this section with several examples of how to construct new additive categories from old
ones. The verification is left as an exercise for the reader.
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Example 1.12. (i) Let A be an additive category and A’ C A a full subcategory which is closed
under biproducts. Then A’ is additive.

(ii) If A is an additive category, then so is its opposite category .A°P. (Hint: Use Corollary 1.9.)
(iii) If A and B are additive categories, then so is A x B.
(iv) If C is a category and A is an additive category, then the functor category Fun(C, A) is additive.

§2. The Homotopy Category of Complexes

In view of homological algebra, the most important categories associated with an additive category
are the category of complexes and its homotopy category.

Definition 2.1. Let A be an additive category. A complex in A is a tuple (A®,d*) consisting of
objects A € A and morphisms d*: A* — A" (i € Z) such that d"*!1 od’ = 0 for all i € Z. The
maps d’ are called differentials or boundary maps. We usually denote a complex by A® instead of
(A°®,d*) and depict it as

gt g . Jitt
A= = AT A S At ),

A morphism of complexes f: A®* — B® consists of a collection of maps {f*: A® — B%};cz such that
digo fi = fitlody forall i€ Z.

We denote the category of complexes in A by C(A).
Lemma 2.2. Let A be an additive category.

(a) The category C(A) is additive.
(b) For every n € Z the shift functor

[n]: C(A) — C(A),
Av— An],

given by Aln]" .= A™™ and diAw = (=15 (for alli € Z), is an additive automorphism.?
We have [m + n] = [m] o [n] = [n] o [m] for all m,n € Z.

(¢) For every additive functor F: A — B the induced functor C(F): C(A) — C(B) is additive.

Proof. Straightforward (observe that biproducts in C(A) are given componentwise and the group
condition can be checked on each component separately). O

Variant 2.3. The following full additive subcategories of C(.A) are also frequently used:

e the category CT(A) of left bounded complezes, i.e., complexes A® for which there exists ig € Z
with A* = 0 for all § < ig:

A =] =00 A% 5 Aot 5 Alot2 ]

2Pictorially speaking, the shift functor [1] shifts a complex one space to the left.
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e the category C~(A) of right bounded complexes, i.e., complexes A® for which there exists
io € Z with A* = 0 for all i > ig:

A =[5 A2 5 A=l 5 A0 50 50— ---].

e the category C’(A) = C*(A) N C~(A) of bounded complezes.

Note that each superscript * € {—, +, b}, the statements of Lemma 2.2 apply to C*(A).
Definition 2.4. Let A be an additive category. A morphism f: A®* — B® in C(A) is called null
homotopic, written f ~ 0, if there exists a collection of morphisms s = {s*: A" — B*"1},cz in A
such that

fr=s"dy +dy s’
for all ¢ € Z; in this case s is called a null homotopy of f:

. i—1 . % . i+1
C AL A e A pil AT

fitt

X Bi—1 = Bt = s Bitl R

A homotopy between two morphisms f,g: A®* — B*® is a null homotopy for f — g.
A complex A® is called contractible if id 4« is null homotopic.

Warning 2.5. Beware that a homotopy {s': A° — B?~1},cz does generally not constitute a
morphism of complexes A[1] — B unless it is a null homotopy of the zero morphism!

Ezercise 2.6. Let A be an additive category. Show that a complex 0 — A° — A! — A2 = 0is
contractible if and only if it is isomorphic to the complex 0 — A% — A° & A2 — A% — 0, where the
maps are the obvious ones.

Ezercise 2.7. Let A be an additive category and (A®,d) a complex.

(a) Show that d: A* — A®[1] is a morphism of complexes which is null homotopic.
(b) Suppose there exists a family {s’,t': A* — Ai~1}, of morphisms in A such that ids =
st71dt + d'= 1" for all i € Z. Show that A® is contractible. (Hint: consider the maps s'd'~'t'.)
Lemma 2.8. Let A be an additive category.
(a) If f,g: A®* — B*® are null homotopic maps of complezes, then so is f —g. In other words, the
subset BY(A®, B®) C Home(4)(A®, B®) of null homotopic maps is a subgroup.

(b) Let f: A* — B® and g: B®* — C® be morphisms of complexes. If one of f or g is null
homotopic, then so is go f.
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Proof. We prove (a). Let s be a null homotopy for f and ¢ a null homotopy for g. Then the family
{s? — t'};ez is a null homotopy for f — g. Moreover, the zero maps {0: A* — B~} are a null
homotopy for the zero map 0: A®* — B®. Hence, B°(A®, B®) is a subgroup of Homce(4)(A®, B®).

For part (b), let s be a null homotopy for f. Then {g*~! 0 s'}; is a null homotopy for go f, since

gifi = gi8i+1df4 _’_gidiB—lsi :gisiﬂdi‘ _|_dg—19i718i.
The other case is similar. O

Definition 2.9. Let A be an additive category. The homotopy category of A is the category K(.A)
which has the same objects as C(.A) and with morphism spaces given by the factor groups

Homg4)(A®, B®) := Homc4)(A*, B*)/B"(A*, B®).

The composition is given as follows: Let f: A* — B® and g: B®* — C*® be morphisms of complexes
representing maps [f]: A®* — B® and [g]: B®* — C*® in K(A). Then we put

[g] o [f] = [g o f].

The definition is independent of the choices of representatives of [f] and [g]: Every other represen-
tative of [f] is of the form f + f’ for some null homotopic map f’: A®* — B®, and similarly every
other representative of [¢] is given by g + ¢’ for some null homotopic map ¢': B®* — C*®. Then we
have

(f+f)elg+g)=fog+folg+g)+fod,
where o (g4 ¢’)+ f o g’ is null homotopic by Lemma 2.8. Hence [(f + f')o(g+¢')] =[fog]. Itis
trivial to check that composition on K(.A) is associative and that [id4.] is the identity on A® € K(A).
Proposition 2.10. Let A be an additive category.

(i) The category K(A) and the quotient functor C(A) — K(A) are additive.
(it) For every n € Z, the shift functor [n] on C(A) descends to additive automorphism

In]: K(A) — K(A).

Proof. Since automorphisms preserve products, part (ii) is obvious. In order to prove (i), we first
show that K(A) admits biproducts and that the quotient functor Q: C(A) — K(A) preserves them.

Note that K(A) is enriched in Ab, i.e., the sets Homg(4)(A®, B®) are abelian groups and the
composition maps are bilinear. Moreover, @ is linear on Hom groups. Now, given A®, B®* € C(A), the
biproduct is characterized by the data (A® @ B®,ia,ip,pa, pp) satisfying paia =ida, ppip = idp,
paip =0=ppis and idagp = iapa +ippp (see Remark 1.11). Since @) preserves these conditions,
it follows that Q(A®) ® Q(B®) is the biproduct in K(.A). Moreover, the zero complex is clearly a
zero object. It follows that K(A) and @ are additive. O

Definition 2.11. Let A be an additive category and f: A®* — B*® a morphism of complexes. We
define the mapping cone of f as the complex Mc(f) with terms

MC(f)Z — Ai+1 ey B’L

) _di+1 0
and differential diAc(f) = ( fifl d >
B
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Example 2.12. Let A be an abelian category (see Section §3). Let f: A — B be a morphism in

A, viewed as a morphism of complexes. Then Mc(f) is the complex [0 — A ENy; N 0], where B
sits in degree 0. Note that

! (Me(f)) = Ker(f) and HO(Me(f)) = Coker(f).
See Definition 3.5 for the definition of the cohomology H*(Mc(f)).
Proposition 2.13. Let A be an additive category.
(i) Let A* € C(A). Then Mc(id 4+ ) is contractible.

(i) Let f: A* — B*® be a morphism of complezes. Then f fits into a sequence of morphisms

0 .
a0 Ly pe G e pye E9, e
which is exact at Mc(f)®.

(iii) Consider a diagram in C(A) with solid arrows

A Ly pe Y Me(f)r 2 AlL®

N

C* —— D* —— Mc(g)* —5— C*

A

and let s = {s: A* — D71}, be a null homotopy of Bf — ga. Then there exists a morphism
v =p(a,B,s): Mc(f) = Mc(g) making the middle and right square commutative in C(A).

Proof. Let us prove (i). We have to produce a null homotopy of the identity on Mc(id 4« ). To this
end, we define

0 0

1 i (0 id) (—d 0\  (—d 0\ (0 id
i+1 gi i—1 .1
stdird S<0 O)(id d)+(id d)(o 0>
id d\ (0 —d\ .
_<0 0>+(0 id)‘lnd(idV

Hence, Mc(id 4¢) is indeed contractible. In particular, we have Mc(ids) = 0 in K(A) and hence
Lemma 3.7 shows that Mc(id4.) is acyclic.

The fact that the maps B®* — Mc(f)® and Mc(f)® — A[1]* are morphisms follows from the
following straightforward computation:

<_JC"ZA dl) (121) B (1?1) od = (d(;) - @3) ~0

d o (id, 0) — (id, 0) (df}“] 0

Si — <0 ldAi) . MC(idA')i — Ai—‘rl @Az SN A? @Ai—l = MC(idA.)i_1.

Now, compute

dp
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The exactness at Mc(f)® is obvious.
For part (iii), we consider the map ¢: Mc(f)® — Mc(g)® given by
) ottt . , . . ) .
g = ( i1 ﬂi) : Mc(f)' = A" @ B — C'*' @ D' = Mc(g)".

S

The computation

bt (2 (8 D)-(5 D))
s B [ ds g dp)\s B
. —adA 0 —chz 0
a <—sdA +Bf Bd3> - (goz—!—st dDB>
_ < dca - adA 0 > -0
Bf —ga—sda—dps Bdp—dpp

shows that ¢ is a morphism of complexes. It is clear that the middle and right square in the
assertion commute. O

Ezercise 2.14. Let A be an additive category and let f: A®* — B® be a morphism in C(A).

(a) Show that the composite A® ENy;TIIN Mc(f)® is null homotopic.

(b) Let g: A* — B*® be another morphism which is homotopic to f. Construct an isomorphism
Mec(f) = Mc(g) in C(A).
(¢) Show that f is null homotopic if and only if f factors through t4: A® — Mc(id 4e).

§3. Abelian Categories

Notation 3.1. Let A be an additive category in which every morphism admits a kernel and a
cokernel. For a morphism f: A — B in A we put

Coim(f) := A/ Ker(f) := Coker(Ker(f) — A) (coimage)
Im(f) := Ker(B — Coker(f)) (image).

The map f factors as follows:

Ker(f) A—7L B Coker(f)

al Ik

Coim(f) ? Im(f).

The map f is called strict if f is an isomorphism.

Definition 3.2. An additive category A is called abelian if every morphism is strict and admits a
kernel and a cokernel.

Example 3.3. (i) The categories Ab, Mod(R) (for a ring R), PSh(X, Ab) and Shv(X, Ab) (for a
topological space X) are abelian categories.
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(ii) A category A is abelian if and only if its opposite category A°P is abelian.

(iii) If A is an abelian category, then so is C(.A) (check that kernels and cokernels are given
componentwise).

(iv) If A is abelian, the homotopy category K(.A) is generally not abelian. Concretely, will show
in Example 5.5 that K(Ab) is not abelian.

We collect the following basic properties of abelian categories:
Theorem 3.4. Let A be an abelian category.

(1) Every monomorphism is a kernel (of its cokernel) and every epimorphism is a cokernel (of
its kernel).

(2) A morphism in A is an isomorphism if and only if it is both monic and epic.

(3) Every morphism f: A — B factors uniquely (up to unique isomorphism) as A £ T AN B,
where p is an epimorphism and i is a monomorphism.

(4) A admits finite limits and finite colimits.
One of the main reasons abelian categories were introduced was to do homological algebra.

Definition 3.5. Let A be an abelian category and let

i

A’:[..._>Ai71ﬂ)Aii)AiH_)...}

be a complex. Note that, since d* o d*~1 = 0, we always have an inclusion Im(d’*~!) C Ker(d"). We
define the i-th cohomology of A® as the quotient

HY(A®) = Ker(d")/Im(d* ') € A.

If HY(A®) = 0 (equivalently, Im(d*~!) = Ker(d")), we call A® exact at A*. If H(A®*) = 0 for all
i € Z, we say that A® is acyclic or ezact.

Example 3.6. Let A be an abelian category and let f: A — B be a morphism.
e The sequence 0 — A I, B is exact if and only if Ker(f) =0, i.e., f is monic.
e The sequence A Iy B = 0is exact if and only if Coker(f) = 0 (equivalently: Im(f) = B), i.e.,
f is epic.

Lemma 3.7. Let A be an abelian category. For every i € Z passing to cohomology induces additive
functors H*: C(A) — A, which factor through K(A). In particular, contractible complexes are
acyclic.

Proof. Let f: A®* — B® be a morphism of complexes. From the identity fi*'d%, = di f* we deduce
Ji(Ker(dy)) C Ker(dy) and fi!(Im(dy)) C Im(d%) for all i € Z. Hence, we obtain an induced
map

Hi(f): H'(A®) = Ker(dy)/Im(d'y ') — Ker(dy)/Im(d5 ") = HY(B®).
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It is clear from the construction that Hi(idA-) = idpi(4e) and that if f,g are composable maps of
complexes, then H'(f o g) = H'(f) o H*(g).

We now check that H is additive. Given A®, B® € C(A), we observe that the canonical maps
Ker(diyo 5) = Ker(dy)®Ker(di) and Im(d'y 1 ) = Im(d’; ') ®Im(d}; ") are isomorphisms, because
the differential is given componentwise. We obtain a commutative diagram

Tm(d'y ) ———— Ker(dyy5) —— Hi(A® B) —— 0

| I

Im(dy ") @ Im(d; ') —— Ker(dy) @ Ker(dyy) —— H(A) ® H(B) —— 0,

where the rows are exact. From the five lemma we conclude that the dashed arrow is an isomorphism.
Hence H? is additive.

To see that H' factors through K(A) it suffices to show that if f: A®* — B® is null homotopic,
then H'(f) = 0. Indeed, let s be a null homotopy of f, so that f' = s'Td}, + dglsi for all ¢. The
identity shows f*(Ker(d})) C Im(d’; ") and hence H(f) is the zero map. O

Definition 3.8. Let A be an abelian category. A morphism f: A®* — B*® of complexes is called a
quasi-isomorphism if the induced map H'(f): H'(A®) — H!(B*) is an isomorphism for all i € Z.

Ezxercise 3.9. Let A be an abelian category. Let f: A®* — B® be a homotopy equivalence, i.e., a
morphism of complexes whose image in K(A) becomes an isomorphism. Show that f is a quasi-
isomorphism. Does the converse hold true?

Proposition 3.10. Let A be an abelian category and consider a commutative square

(3.1) gl lg/

in A.
( jg) (g'.f")
(i) The square (3.1) is a pullback if and only if the sequence 0 - A — B&® A’ ——5 B’ is
exact. If this is the case, then the induced map Ker(f) = Ker(f') is an isomorphism.
f / !
(ii) The square (3.1) is a pushout if and only if the sequence A M Bao A YT g0 s
exact. If this is the case, then the induced map Coker(f) = Coker(f’) is an isomorphism.

Addendum: In (i) the induced map Coker(f) < Coker(f’) is a monomorphism. In (i) the
induced map Ker(f) —» Ker(f') is an epimorphism.

Proof. We only prove (i) because (ii) is dual. The first statement is obvious by comparing the
universal properties of the pullback and the kernel. For example, if the square is a pullback and

(fa)

C —= B @ A’ is a map such that ¢’b — f'a = 0, then by the universal property of the pullback
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(L)

there exists a unique map C' = A such that fc =b and gc = a, so that C —5 B @ A’ factors as

(%)

C5 A—-"2% Ba A as desired. Next, we compute
Ker(f) =A xg0= (A/ X B/ B) xXp 0= A xXpg 0 :Kel‘(f/).

We finally prove that ¢: Coker(f) < Coker(f’) is a monomorphism. We will freely use part (ii).
Let h: C — Coker(f) be a map such that c o h = 0. We need to show h = 0. Consider now the
pullback square

T

o —"—C
h’l B lh
B —— Coker(f).

Note that, since 7 is an epimorphism, the square is a pushout by (ii) and hence also 7’ is an
epimorphism. It therefore suffices to prove hn’ = 0. As thn’ = 0, we deduce that ¢'h': C' — B’

factors as €’ Im(f") 2, B'. Consider now the pullback

’
s

Cl/ ! CI

oLk

A/ T} Im(f/)

As f/ is an epimorphism, we conclude from (ii) that the square is also a pushout and hence 7" is
an epimorphism. It therefore suffices to prove An'n” = 0. We have constructed a commutative
diagram with solid arrows

™ C/

A/ T Im(fl) (]—> B/.

Since the square (3.1) is cartesian, there exists a unique map k: C” — A such that gk = h” and
fk=nh7". We now compute

ho'n" = ah/n" = nfk = 0.
It follows that ¢: Coker(f) — Coker(f’) is a monomorphism. O
Definition 3.11. Let F': A — B be an additive functor between abelian categories.

(i) F is called left exact if it preserves kernels or, equivalently, if for every exact sequence

0= AL B2 Cin A the induced sequence 0 — F(A) £, F(B) SN F(C) is exact.
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(ii) F is called right exact if it preserves cokernels or, equivalently, if for every exact sequence
AL B % 0 0in A the induced sequence F(A) FU) F(B) F(9) F(C) — 0 is exact.

(iii) F is called ezact if it is left exact and right exact.
Proposition 3.12. Let F': A — B be an additive functor between abelian categories.

(i) F is left exact if and only if for all short exact sequences 0 = A — B — C — 0 the induced
sequence 0 — F(A) — F(B) — F(C) in B is exact.

(i) F is right exact if and only if for all short exact sequences 0 = A — B — C' — 0 the induced
sequence F(A) — F(B) — F(C) — 0 in B is exact.

(ii) F is exact if and only if for every exact sequence A ENY TN C in A the induced sequence

F(A) £, F(B) 9, F(C) in B is exact.

Proof. We prove (i). The “only if”-direction is trivial. Conversely, assume that F preserves kernels
of epimorphisms and in particular monomorphisms. Let now 0 — K % ALy B be an exact

sequence. We have to show that the induced sequence 0 — F(K) £o, F(A) £4), F(B) is exact.

By Theorem 3.4(2) we may factor f as a composite A ENYER B, where f is an epimorphism and j
is a monomorphism. By left exactness, we obtain a commutative diagram

0 —— F(K) 29 pray 29 ppy

H H [ro

0 — F(K) oM F(A) 7 F(B),

where the top row is exact and F(j) is a monomorphism. In other words, we have F(K) = Ker(F(f)).
It remains to show that Ker(F(f)) < F(A) is also a kernel for F'(f). Let g: X — F(A) be a map
such that F(f)og=0. Then F(j)o F(f)og= F(f)og=0. Since F(j) is a monomorphism, we
deduce F(f) o g = 0. Hence, g factors uniquely through Ker(F(f)), which shows that Ker(F(f)) =
Ker(P(f).

Statement (ii) is dual to (i).

We now prove (iii). The “only if”-direction is obvious. Conversely, suppose that F is exact and

let AL B % C be an exact sequence. Split it into an exact sequence 0 — Ker(g) — B ENNG;

and an epimorphism A —» Ker(g). Since F is exact, we obtain by (i) an exact sequence 0 —

F(Ker(g)) — F(B) 2% F(C) and by (ii) an epimorphism F(A) —» F(Ker(g)). But this means

that F(A) — F(B) — F(C) is exact. O

Remark 3.13. Proposition 3.12(iii) shows that F': A — B is exact if and only if for every acyclic
complex X* in A also the complex F(X*) is acyclic.

Ezercise 3.14. Let A be an abelian category and A® a complex. Let F': A — B be an additive
functor.

(i) Suppose that F is left exact. Construct a canonical map H(F(A®)) — F(H°(A®)).
(ii) Suppose that F is right exact. Construct a canonical map F(H°(A®)) — H(F(A®)).
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(iii)

Suppose that F' is exact. Show that the map in (i) is an isomorphism with inverse given by
the map in (ii).

Example 3.15. (a) Every equivalence between abelian categories is exact.

(b)
()
(d)

Let A be an abelian category. For every A € A the functors Hom4(A, —): A — Ab and
Hom 4(—, A): A°? — Ab are left exact (but generally not right exact).

Let R be a commutative ring. Then for every M € Mod(R), the tensor product functor
— ®gr M: Mod(R) — Mod(R) is right exact (but generally not left exact).

Let F': A= B: U be an adjunction between abelian categories. Then F' is right exact and
U is left exact. Indeed, as a left adjoint F' preserves all colimits (which exist in .4), and in
particular biproducts, the zero object, and cokernels. Hence, F' is additive and right exact by
Proposition 3.12(ii). The argument for U is similar.

Let X be a topological space. The global sections functor I'(X, —): Shv(X,Ab) — Ab is left
exact but generally not exact. In contrast, the functor I'(X, —): PSh(X, Ab) — Ab is always
exact.

Let k be a field and G a finite group. Denote Rep,(G) the category of G-representations
on k-vector spaces. The functor Mod(k) — Rep,(G), which views a k-vector space as a G-
representation with the trivial G-action, admits a left adjoint and a right adjoint. The right
adjoint is given by the functor of G-invariants:
Rep;,(G) — Mod(k),
ViV ={veV|gv=uvforalgecG}.

It is therefore left exact; it is exact if and only if the characteristic of k& does not divide |G].

The left adjoint is given by the functor of G-coinvariants:

Rep;,(G) — Mod(k),
V+— Vg :=V/span, {v —gv|v e V,g € G}.

It is therefore right exact; it is exact if only if the characteristic of k does not divide |G|.

Definition 3.16. Let A be an abelian category.

(a)

An object I € A is called injective if the following equivalent conditions are satisfied:

(i) The functor Hom 4(—, I): A°P — Ab is exact.

(ii) For every monomorphism uw: A < B and every map f: A — I there exists a map
g: B — I such that f =gou:

1

S

A —— B.

u

(iii) Every monomorphism w: I < B splits, i.e., there exists g: B — I with g ou = id;.
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Proof of the equivalences: The equivalence “(i)<(ii)” is clear since Hom 4(—, I) is always left
exact, and “(ii)=-(iil)” is trivial. For “(iii)=-(ii)”, let u: A — B be a monomorphism and
f: A — I amap. Consider the pushout diagram

I % s TLU,B

T T
A—— B.

u

By the addendum to Proposition 3.10(ii), the map «’ is monic. Hence there exists a splitting
p: TUy B — I with pow =id;. Then po f': B — I satisfies pf/u = pu'f = f as desired. [

(b) An object P € A is called projective if the following equivalent conditions are satisfied:

(i) The functor Hom 4(P, —): A — Ab is exact.
(ii) For every epimorphism p: A — B and every map f: P — B there existsamap g: P — A
such that f =pog:

P
Elgi &
A—p»B.

(iii) Every epimorphism p: A — P splits, i.e., there exists g: P — A such that po g = idp.
The following lemma is sometimes useful.
Lemma 3.17. Let F: A= B :G be an adjunction of abelian categories.

(i) If F is (left) exact, then G preserves injective objects. The converse holds if B has enough
injectives.

(i) If G is (right) exact, then F preserves projective objects. The converse holds if A has enough
projectives.

Proof. Let us only prove (i), because (ii) is dual. Let I € B be injective. The adjunction then gives
a natural isomorphism

HomA(_,G(I)) >~ HomB(_,[) o FoP

of functors A°? — Ab. Since both functors on the right are exact, so is the composition, and hence
G(I) is injective.

For the converse, suppose that B has enough injectives and G preserves injectives. Let u: A — A’
be a monomorphism in .A. We need to show that F'(u) is a monomorphism. Choose a monomorphism
f: F(A) — I. Then we have a commutative diagram

Homgp(F(A), 1) 2C Homp(F(A), 1)

Nl lN

HOHlA(A/, G(I)) T» HOHI_A(A, G(I))7
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where the bottom map is an epimorphism because G(I) is injective. It follows that the top map is an
epimorphism. Hence, there exists g: F(A’) — I such that go F(u) = f. As f is a monomorphism,
it follows that F'(u) is a monomorphism as well. O

Lemma 3.18. Let A be an abelian category.

(1) Let (I);ecs be a family of objects such that the product I = HjeJ I; exists. Then I is injective
if and only if, for all j € J, the object I; is injective.

(it) Let (Pj)jes be a family of objects such that the direct sum P = ;. ; P; exists. Then P is
projective if and only if, for all j € J, the object P; is injective.

~

Proof. We only prove (i), because (ii) is completely dual. We have an isomorphism Hom 4(—, I)
[I;c; Homa(—, I;) of functors A°®? — Ab. As the formation of infinite products in Ab is exact, we
conclude that, if each I; is injective, then so is I. Conversely, if I is injective, then the exactness of
[I;c;Homa(—, I;) implies that each Homa(—, ;) is exact. Hence each I; is injective. O



Chapter 2

Triangulated Categories

§4. The axioms of a triangulated category

We begin by stating the definition of triangulated categories and drawing some consequences of the
axioms.

Definition 4.1. A category with translation is a pair (C,T) consisting of a category C and a self-
equivalence T': C = C, called a translation functor. We will often write C instead of (C,T’) when
no confusion arises.

A triangle in (C,T) is a sequence

X5y 5725 17(X)
in C. A triangle is sometimes denoted by (X,Y, Z, u,v,w) or simply by (u,v,w).

A morphism of triangles (x,y,2): (X,Y, Z,u,v,w) — (X', Y, Z' u/,v',w") consists of three
morphisms z: X — X', y: Y —Y’, 2: Z — Z' in C such that the diagram

X Y5y "7 ¥, T(X)

N

is commutative.

Definition 4.2. A triangulated category consists is a triple (C,T,DT), where (C,T) is an additive
category with translation and DT is a class of triangles in (C,T), which we call distinguished
triangles, subject to the following conditions:

(T1) (Verdier’s axiom TR1)

(a) DT is closed under isomorphisms of triangles.
(b) The triangle X X X 50— T(X) is distinguished.
(¢) Every morphism u: X — Y in C sits in a distinguished triangle X %Y — Z — T(X).

19
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(T2) (Verdier’s axiom TR2: first half)

—T(u)

X %Yy % Z 5% T(X)is a distinguished triangle, thensois Y % Z < T(X) T(Y).!

(T3) (Verdier’s axiom TR4)

Let f: X - Y and g: Y — Z be morphisms in C, put h := go f: X — Y, and suppose we
have distinguished triangles

xLy Lyvix 2orx,
Y429 2v 251y,
XMz M zx M rx)

Then there exist morphisms u: Y/X — Z/X and v: Z/X — Z/Y in C such that

Y/X % z/x 2 77y 29U piyyx)

is a distinguished triangle and such that the following “braid diagram” commutes:

T(X)
L N
<
Z/X T(Y)
y X ' S V N)
/ S

X Z Z/Y Y/X)

g T(f"g"”

We will always denote a triangulated category by C or (C,T) and leave the class DT of distinguished
triangles implicit (although they are additional datal).

Remark 4.3. (a) The axiom (T3) is usually referred to as the octahedral aziom, because the

IFor the theory of triangulated categories, it would probably be equally good to replace —T'(u) with T'(u). But
then there would probably not be many interesting triangulated categories: The sign is necessary to ensure that the
homotopy category K(A) is triangulated (Theorem 4.12).



§4. The axioms of a triangulated category 21

displayed diagram can be arranged in the form of an octahedron:

Note that the formulation in [Har66] is insufficient as it fails to require that the squares in
the octahedron commute.

(b) The original axioms of Verdier [Ver96, Ch. II, Définition 1.1.1] are actually redundant as has
been observed by May [May05], and we will thus follow May’s approach and deduce Verdier’s
axiom TR3 from the other ones.

(¢) If (u,v,w) is a distinguished triangle, then so are (u, —v, —w), (—u,v, —w) and (—u, —v,w)
by (T1), because they are isomorphic to (u,v,w). For example, we have an isomorphism
X ——Y "o W "5 T(X)

lidy —idw lT(idX)

X Y W T(X).

u —v —w

Before we can give an example of a triangulated category we need to develop a little bit of the
theory first. Since our definition of triangulated category does not involve Verdier’s axiom TR3 and
only half of TR2, we first show that these are actually consequences of the axioms (T1)—(T3).

Proposition 4.4 (Verdier’s axiom TR3). Let (C,T) be a triangulated category. Consider a diagram
with solid arrows

where the left square commutes and the rows are distinguished triangles. Then there exists z: Z — 7'
in C such that the whole diagram commutes, that is, zov =v" oy and T'(z) ow = w’ o z.

Note that the morphism z: Z — Z’ in the proposition need not be unique; sufficent conditions
for uniqueness will be provided in Lemma 5.1.
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Proof. By (T1) we may embed z, y and y o u = ¢’ o z in distinguished triangles
X5 X' i> X" 2 7(x),
Y Ly Yy X ey,
X4y Bwdrx).

We apply (T3) to the pairs of morphisms (y,u) and (v, ), respectively. We thus obtain new
distinguished triangles

75w Ly IO gy,

x" Ly 2y g T p ey

such that the following diagrams commute:

w

/_\

e /w)
SN N

and

We define z :=t' o s: Z — Z' and compute

2w =tsv="tpy =1y,
w'z=w't's="T(x)qs = T(x)w,

which proves the assertion. O
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Definition 4.5. Let (C,T) be a triangulated category and A an abelian category. An additive
functor H: C — A is called cohomological if every distinguished triangle X %Y % Z % T(X) in
C induces a long exact sequence

oo HTXO) 29 gy 2 meriz)y) T gt (x) — -

Example 4.6. Let A be an abelian category. Then the functor H’: K(A) — A is cohomological.
Indeed, let f: X — Y be a morphism of complexes and consider the associated triangle X Loy oy
Mec(f) 25 X[1]. We have to show that for all i € Z the sequence

(4.1) = HO(X[]) — HO(Y'[i]) — HO(Mc(f)[i]) = HO(X[i +1]) — -

is exact. Note that we have a short exact sequence 0 — Y — Mc(f) — X[1] — 0 in C(A). Hence,
we obtain a long exact sequence in cohomology

S H(Y) - H(Me(f)) — H(X[1]) 25 HH Y (Y) = .-

We claim that this sequence is the same as (4.1), which then proves the claim. We clearly have
HY(C[j]) = H*(C) for all 4,j € Z and all C' € K(A). It remains to show that 9" = H*1(f) as maps
H"Y(X) = HY(X[1]) = H*"(Y). Recall the definition of ": We have a commutative diagram

e H(Y) ——————— H'(Mc(f)) ——————— H'(X[1])

[ [ [

Y/ Im(dy ) —— (XM @Y7/ Im(dy ) —— X/ Im(dy) — 0

Jdiz Jdiivlc(f) o' ld?l

0 —— Ker(dy!) ————— Ker(dif} ;) ————— Ker(di{?)

| | l

»y HHL(Y) ———— HPY(Mce(f) ——— HFY(X[1]) ——— -+

Consider = € Ker(d{'!) with image 7 € H"!(X). We may lift = to (z,0) € Mc(f)?, and then 0°(7)
is the image of dfvlc(f)(x, 0) = (0, f7+1(x)) in H**1(Y). This shows 9' = Ht1(f).

Proposition 4.7. Let (C,T) be a triangulated category.

(i) The composition of any two consecutive morphisms in a distinguished triangle is zero.

(i) For each C € C the functors Home(C, —): C — Ab and Home(—,C): C — Ab°? are cohomo-
logical.

(iii) Consider a morphism of triangles

X Y Z T(X)
I e
X' Y’ 7 T(X").

If any two of x,y, z are isomorphisms, then so is the third.
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Proof. We first prove (i), so let X %Y % Z % T(X) be a distinguished triangle in C. By (T2)
also the triangles (v, w,—T(u)) and (w,—T(u),—T(v)) are distinguished. It therefore suffices to
show vu = 0. To this end, we apply Proposition 4.4 to the distinguished triangles (v, w, —T(u)) and
(idz,0,0) (which is distinguished by (T1)) and obtain a commutative diagram

Y v 7z s r(x) 2y
vl lidz %0 J{T(U)
Z Z 0 T(2).

idz

We deduce T'(vu) = =T (v) o (=T (uw)) = 0. As T is an equivalence, this shows vu = 0.

We next prove (ii). We only show that Hom¢(C, —) is cohomological, because the argument for
Home (—, C) is completely analogous. Let (u,v,w) be a distinguished triangle as above. It suffices
to show that the sequence

Home (C, X) 2% Home (C,Y) = Home (C, Z)

is exact, because exactness of the long sequence at every other place follows by repeated applications
of (T2) and the fact that T is an equivalence. By (i) we know v, o u, = 0, which shows Im(u,) C
Ker(v,). For the reverse inclusion, let f: C'— Y be a morphism in C such that vo f = 0. We need
to find g: C — X such that f = uog. By (T1) the triangle (id¢,0,0) is distinguished. Hence, by
(T2) we obtain distinguished triangles (0,0, —T'(id¢)) and (v,w, —T(u)) and then Proposition 4.4
provides a commutative diagram

C 0 1) ZF9 70y
fl l it |7
Y 5 Z > T(X) = T(Y),

For the unique map g: C' — X with T'(g) = ¢’, we obtain
wog=-T"'-T()og)=-T"YT(f)o(-T(ide))) = f,
which shows Ker(v,) C Im(u,) as desired.

Finally, we prove (iii). Consider the commutative diagram

X"y "7 ", T(X)

I b e

XI ’ Y/ ’ Z/ ’ T(Xl)7

where the rows are distinguished triangles. We only show that if  and y are isomorphisms, then so
is z; the other cases are similar. By (ii) the functor Home (C, —) is cohomological for all C' € C. We
thus obtain a commutative diagram

Hom(C, X) —— Hom(C,Y) —— Hom(C,Z) —— Hom(C,T(X)) —— Hom(C,T(Y))

lz* ly lz lT(z)* lT(y)*

Hom(C, X') — Hom(C,Y’) — Hom(C,C) — Hom(C,T(X')) — Hom(C,T(Y"))
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with exact rows and where all vertical arrows (except z,.) are known to be isomorphisms. By the
five lemma, it follows that z, is an isomorphism. By the Yoneda lemma, we deduce that z is an
isomorphism. O

Remark. Note that the proof of Proposition 4.7 depends only on the axioms (T1), (T2) and
Proposition 4.4, but not on the octahedral axiom.

Exercise 4.8. Let A be an additive category. Show that a morphism f: X — Y of complexes is a
homotopy equivalence if and only if Mc(f) is contractible.

Exercise 4.9. Let (C,T,DT4) and (C,T,DT32) be two triangulated structures on a category with
translation (C,T) such that D7 is contained in DT 5. Show that DT, = DTo.

Proposition 4.10 (Verdier’s axiom TR2: second half). Let (C,T) be a triangulated category and
X5Y 5 725 T(X) atriangle. Then (u,v,w) is distinguished if and only if the shifted triangle
(v,w,—T(u)) is distinguished.

Proof. The “only if” direction is (T2). We thus need to prove the converse direction. By (T1)

’
w

there exists a distinguished triangle X % Y LNy N (X). Applying (T2) repeatedly, we find
that the triangles (=T (u), —T'(v"), =T (w")) and (=T (u), =T (v), =T (w)) are distinguished, and by
Proposition 4.4 we obtain a commutative diagram

7(x) 2™ vy 29 iz LY 12 xy

H H % H

T(X) = T(Y) (2) T2(X),

—T(v) —T(w)

where f': T(Z') = T(Z) is an isomorphism by Proposition 4.7(iii). Since T is an equivalence, there
exists a unique isomorphism f: Z’ &% Z such that T(f) = f’. We obtain a commutative diagram

X ——Y =7 "5 TX)
|
X u Y v Z w T(X)’
where the top triangle is distinguished. By (T1) also the bottom triangle is distinguished. O

Ezercise 4.11. Let C be an additive category, let f: X — Y and ¢g: ¥ — Z be morphisms in C(C)
such that g o f is homotopic to zero. Show that g factors through Mc(f).

We have finally shown that our definition of “triangulated category” coincides with the classical
definition. We now have everything we need to give a first example of a triangulated category.

Theorem 4.12. Let A be an additive category. Let DT be the class of triangles in (K(A), [1]) which
are isomorphic to a triangle of the form

XLy S Me(f) S X[,

where 1 and 7 are the canonical maps. Then (K(A),[1],DT) is a triangulated category.
The categories KT (A), K~ (A) and K*(A) are triangulated subcategories of K(A).
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Proof. The last statement is obvious, so we only need to prove that K(.A) is triangulated.

Note that Mc(idx) = 0 in K(A) by Proposition 2.13(i). Hence (T1) is trivially satisfied.

We now prove (T2). Note that the condition in (T2) is invariant under isomorphisms of triangles.
Consider the distinguished triangle X Lyz& Mc(f) = X[1], where ¢ = (&, ) and m = (idx, 0).

_ ) ) . ~dy 0 0
Note that Mc(:)! = YTt @ X! @ Y? with differential d = < Adoy *?X I > We construct an
dy Y

isomorphism of triangles

12 b s

in K(A) via

¢=(0 id 0): Mc()) =Y a XMy’ — X'
W, ,y) —
for all 4 € Z. From the definition it is clear that ¢ is a morphism of complexes and that g o j =

7 oidpe(p) already holds in C(A). It remains to prove —f[1]og = idypjop and that g is a homotopy
equivalence.

We first show that p + f[1] o g: Mc(¢) — Y[1] is null homotopic. To this end, we define

s'=(0 0 id): Mc()) =Y e X oy — Y =y[1]},

(y,2,9") — 9.
Recalling dy[;) = —dy, we then compute
—d 0 0
i+1 g1 1—1 1 : .
s dyey +dyps'= (0 0 id) .(21 —fd 2 +(=d)o (0 0 id)
1

=(@{d f d)+(0 0 —d)=(id f 0)
(id 0 0)+ f[1]o(0 id 0)=p+ f[l]og.

Hence, the diagram (4.2) is commutative in K(.A).
It remains to show that g is a homotopy equivalence. Define a map h: X[1] — Mc(¢) via

—/f
B=id | X[ =X YT e X oY =Mc(),
0
z+— (=f(2),2,0)
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for i € Z. Again, keeping in mind that dx[;) = —dx, we compute
o ‘ ‘ —f —-d 0 0 —f
Wy — dygeph' = [ 1d |o(=d)= | 0 —d 0] id
0 id f d 0
fd daf
=|—d —d =0.
0 —f+f

We deduce that h is a morphism of complexes because f is. Moreover, we have goh = idx[y) already
in C(A). It thus remains to show that idyic(,) — A o g is null homotopic. To this end, we define

1

d
i 0]:Mc(o)) =YXy — Y oX @Y™ =Mc() !,
0

o O O
o O O

(y,2,y') — (¥,0,0).

Now, compute

- [0 0 id\ [-d 0 © ~d 0 0\ /0 0 id
' ey F Ayt =10 0 0 )0 —d O+ 0 —d 0|0 0 0
00 0/ \id f d id f d/ \0o 0 0
id f d 00 —d id 0 0 0 —f 0
=(0 0 0)+f0o 0 of={0 id o]-{0 id o0
0 0 0 0 0 id 0 0 id 0 0 0
—f
=idyey — | id | (0 id 0)
0
= ldMC(L) —ho g.

We deduce that g is a homotopy equivalence with homotopy inverse h. This finishes the verification
of axiom (T2).

Finally, we need to prove the octahedral axiom (T3). We first handle a special case: Consider
distinguished triangles

X Ly Me(f) I x[1],
Y 4 7 22 Me(g) =5 Y1,

X 9y 7 5 Me(gf) 25 X[1]

in K(A). We need to construct a distinguished triangle

Me(f) % Me(gf) 2 Me(g) 7% Me(f)[1]
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such that the diagram

/\
Me(f) X1
V \\\\1\1 Tgf fl1]
(4.3) Y \AMc(g f) Y[1]
y X‘ Lgf \\\1\; V er[l]
X z “Melg) Me()[1]
g tg Lf[l]mg

commutes in K(A).
Step 1: We define morphisms u: Mc(f) — Mc(gf) and v: Mc(gf) — Mc(g) via

ut = (1(()1 2) t Mce(f)' = X" ey — X e Z' = Mc(gf)',
(@,y) — (x,9(y)),
V= (f i(c)l) c Mc(gf)! =X @2t — Y @ Z' = Mc(g)',

0
(z, 2) — (f (@), 2).

(0 o) (7 2)-Gr 96 7)

g gf d)\0 g
~(of 00) = )= (7 ) =0
gf gd gf dg 9f—9f gd—dg ’
(0 )G 2) -G D6 )

gf d d) \0 id
:<fd 0)_(df O>:<fd+df 0 ):0
gf d gf d 9f—gf d—d

show that v and v are indeed morphisms of complexes.

Step 2: We construct a homotopy equivalence ¢: Mc(u) — Mc(g) such that the diagram

The computations

udnie(f) — dnve(gf)t =

vdic(gf) — dMe(g)V =

Me(f) - Me(gf) — Me(u) —™ Me(f)]1
-y | | I |

Mc(f) —— Me(gf) —— Mc(g) Y Me(f)[1]

commutes. To this end, we put
o (0 id f 0) L Me(w) = X2 oY @ X @ 20 — Y @ 20 = Mc(g)',

0 0 0 id
(@,y,2",2) — (y+ f(2), 2)
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and we claim that the homotopy inverse 1: Mc(g) — Mc(u) is given by
. 00 . ) . . . . . .
Y= (lg 0 ) : Me(g) =Yo7 — X"y ™o X e Z = Mc(u),
0 id

(y,2) — (0,9,0,2).

The computations

d 0 00
_(0id f O —f-d 00 —d 0 0id f 0
pdre(u) — dute()® = (g éld)<id 0 d0> _( g id)(olo 6a)
0 g gfd
,(ff+f7d7fd0)7(0 dfdfo)fo
- 0 0 0 d 0g gfd)] ™™
00 d 0 00 00
i —d o —f—d 0 0 i
dec(g)_nd(u)¢:<l(?8)(g d)_<1d 0 —d0><10dg>
01 0 g gfd 0 id
0

show that ¢ and ¢ are indeed morphisms of complexes. Note that we have ¢ o 1) = idpc(g) already
in C(A). We next show that idyjc(,) — % o ¢ is null homotopic. To this end, we define

00id 0
0000
(00 0 0> ‘ . ‘ . }
0000 X1+1 @YZ @Xz e szl _ MC(U)Zﬁl,

(z,y,2',2) — (2/,0,0,0).

T'i: MC(’U,)i _ Xi+2 o Yi+1 o Xi+1 ey Zi

Now, we compute

m’+1d§m(u) + nd(u)ri

which shows that ¢ is a homotopy equivalence with homotopy inverse 1.
Finally, we need to show that the diagram (4.4) commutes. From the definition it is obvious that
the left and middle squares commute (already in C(A)). Moreover, we have ¢¢[1] o my = m, 07 in

C(A), from which we deduce (using that ¢ is the homotopy inverse of ) that also the right square
commutes in K(A).
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Step 3: We need to check that the diagram (4.3) commutes, but this is immediate from the
construction, since all squares and triangles commute already in C(.A):

ropou—(id 0) (13 2):(id 0) =,

wous = id 0 .O _ (0 _ _() 09 =140,
0 g/ \id g id 9.

f[l]Ong:fo(id O)Z(f O)Z(id 0) (g i(zl)zwgou

votar = (g i(c)1> <i(()1> - (i(c)i) ~le

This finishes the verification of (T3) in the special case.

We now handle the general case. Observe first that, if f: X — Y is a morphism of complexes

and X L v L Y/X I x [1] is any distinguished triangle, then there exists an isomorphism
©: Y/X = Mc(f) in K(A) making the diagram

f/

L, xny

i H
X —= Y —= Mc(f) —— X[1]

x 1,y

commutative. Indeed, by definition the distinguished triangle (f, f/, f”') is isomorphic to a triangle

of the form X' L% v’ — Mc(fo) — X’[1], and then Proposition 2.13(iii) provides the map
¢: Y/X — Mec(f) making the whole diagram commute. Now Proposition 4.7(iii) shows that ¢ is
an isomorphism.

Let now

x4y Dyx 2 xp
Yy % z% 72y 2 vp)
Xz zx M xq

be distinguished triangles in K(A) such that h = go f in K(A). Up to changing h by a homotopic
map we may assume that h = go f already in C(A). By the observation above we get the following
isomorphisms of distinguished triangles:

(idx,idy,¢): (f, f, f") = (foep,7p),
(idY7 idZv’Y): (979179”) - (97 Lgvﬂ—g)7
(idx, idZ7 7)): (h, h/, h/,) = (h, Lp, ﬂ'h).
By what we have proved above, we find maps u: Mc(f) — Mc(h) and v: Mc(h) — Mc(g) such that

Ly[1]omy

Me(f) = Me(h) = Mc(g) Me(f)[1]
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is a distinguished triangle. We obtain an isomorphism of triangles

Y/X —% s z/x — 7 gy Sy x

e s
Me(f) —— Mc(h) —5— Me(g) ———=—— Mc(f)[1],

tf[l]omg

-1

where 4 = n~'up and ¥ := vy~ 'on. It remains to check that the diagram

X z Me(f)[1]

commutes. To this end, we compute

af =n"tupf =n"tuy =n"tug =Ny,

“lup = mue =T = 7,
g0 = mgyyton = mgun = f[1] o mn = f[1] o A",

oh' =y toph) =y oy, =7y, =4

h"i = mhm

We conclude that K(A) is a triangulated category. O

Lemma 4.13 (3 x 3 lemma). Let (C,T) be a triangulated category. Consider a diagram with solid
arrows

y —4 72— 5 7(X)

x y 12 T(z')
XLy 8 g T(X")
v y” iZ” — T(r”)

~
2

where the upper left square commutes and the first two rows and columns are distinguished triangles.
Then there exist the dashed arrows such that the third row and column are distinguished triangles
and all squares commute, except for the one marked ‘—°, which anti-commutes.
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Proof. By (T1) we may embed y o f = f’ oz in a distinguished triangle X KNS NN T(X).
We apply (T3) to the two decompositions y o f = f’ oz and obtain two commutative diagrams

h

/\

/ / \
)/ N ,/ / X@T(z

Y

v v T(g")y"
and
x//
T
X T(X)
V \\\\ w /’ w)
N
X' A T(X')
/ X 7 \\ V Y )
Ny
X Y’ zZ' T(X")
fla q' T
where

z5 Aty T9W g,

X" A Yy g TEON ey

are distinguished triangles. By (T1) we may embed z := vs: Z — Z' in a distinguished triangle
Z % 7' 2 7" 25 T(X). Applying (T3) to the decomposition z = vs, we obtain a commutative
diagram

T(9)y"
Y” T(2)
/ AN (s)
\‘4 \
A 2" T(A)
/ \ / S fTV (1)
Ny \
Z A T(X") T(Y"),
\7/ \_/'
T(z")h’
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where Y 2y 7/ 12, T(X") ’% T(Y") is a distinguished triangle. Putting f” = tu, we obtain

by Proposition 4.10 a distinguished triangle
X// _) Y// Z// _> T(X//)
This finishes the construction of the diagram, in which the first three rows and columns are distin-
guished triangles. It remains to check the commutativity of the squares:
zg =vsg=uvpy =gy,
Wz="huvs=T(x)qs = T(x)h,
f”xl_tux tpfl_y/f/;
2y =zvp=g"tp=g"y,
h//Zl — (ZC )h/,
y'f" =y "tu =T(f)qu=T(f)z",
Z//g// — T(g)y”,
T(a")h" =T(q)T(w)h" = —T(gs)z" = =T (h)z".

§5. Some properties of triangulated categories

Lemma 5.1. Let (C,T) be a triangulated category. Consider a diagram (with solid arrows)

x -ty 4.z "X

I

f g h

where the left square commutes and the rows are distinguished triangles. Suppose that one of the
following conditions is satisfied: (a) Home(T(X),Z’) = 0, or (b) Home(Z,Y') = 0. Then there
exists a unique morphism z: Z — Z' making the whole diagram commutative.

Proof. Suppose that Home(T(X),Z') = 0. Let z1,29: Z — Z' be two morphisms making the
diagram commute, so that g*(z1) = 219 = ¢'y = 229 = ¢*(22). By Proposition 4.7(ii) the sequence

0 = Home (T(X), Z') — Home(Z, Z') £ Home (Y, Z').
is exact, from which we deduce z; = zo. If Hom¢(Z,Y’) = 0, then we argue similarly using the
exact sequence 0 = Home(Z,Y’) — Home(Z, Z') L Home (Z, T(X')) instead. O
Proposition 5.2. Let (C,T) be a triangulated category and consider two distinguished triangles
X&Y&Z&ﬂ@,
X Yy Yy g pix.

Then the triangle X & X' ud, y oY’ e, A weu’, T(X) @ T(X') is distinguished.
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Proof. By (T1) there exists a distinguished triangle
XoX “Syey Lol rxeXx).
Now, Proposition 4.4 provides two morphisms ¢: Z — C and ¢’: Z' — C together with morphisms

X u Y —Y 7 —* 5 T(X)

ol Tl e

XoX “yey L0y (XX

iX/T Tty/ TC’ TT(LX’)

of distinguished triangles. We obtain a commutative diagram

XoXx @ yay 22 747 2 1(X) @ T(X)

| | Jeo &
C

XoX — YoV — — T(X®X').

of triangles. It suffices to show that ((,{’): Z @® Z’ — C is an isomorphism. Applying Home (M, —)
for varying M € C, we obtain a commutative diagram

Hom(T(Y & Y'),M) ——— Hom(T(X & X'),M) ——— Hom(C,M) —— Hom(Y &Y', M) —— Hom(X & X', M)

I I~ oo H H

Hom(T(Y)® T(Y'),M) —— Hom(T(X)® T(X'),M) —— Hom(Z ® Z',M) — Hom(Y @ Y',M) —— Hom(X & X', M)

of abelian groups with exact rows. By the five lemma, the map (¢,{’)* is an isomorphism. By the
Yoneda lemma, ({,¢’) is an isomorphism, which finishes the proof. O

Proposition 5.3. Let (C,T) be a triangulated category. Let X Y % Z 2% T(X) be a distin-
guished triangle. Then:

(i) u is an isomorphism if and only if Z = 0.
(i) The triangle X X xez2 75 T(X) is distinguished.
(iii) If w =0, then the triangle (u,v,w) is isomorphic to (ix,pz,0). In this case we say that the

triangle (u,v,w) splits.

Proof. Part (i) is exactly as in Exercise 3.2.

Let us prove (ii). The triangle (ix,pz,0) is the direct sum of the distinguished triangles
x4 x50 T(X)and 0 — Z 4 z0 (cf. (T1), (T2)). Hence, Proposition 5.2 shows that
(ix,pz,0) is distinguished.
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We prove (iii), so assume w = 0. Then Proposition 4.4 (applied to appropriately shifted triangles)
yields a morphism

X 2, Xez 227 0,1
A
X Y Z —5— T(

u v

X)
X)
of distinguished trangles, and Proposition 4.7(iii) shows that f is an isomorphism. O

Corollary 5.4. Let (C,T) be a triangulated category. Then all monomorphisms and epimorphisms
split. In other words, C is semi-simple.

Proof. Let u: X — Y be a monomorphism and let X % Y % Z 2 T(X) be a distinguished
triangle provided by (T1). By (T2) the triangle (v, w,—T(u)) is distinguished. Since T is an
equivalence of categories, T'(u) is a monomorphism. Since also —7'(u) o w = 0 by Proposition 4.7(i),
we conclude that w = 0. Now Proposition 5.3(iii) shows that the triangle (u,v,w) splits, which
proves the assertion. The argument for epimorphisms is analogous. O

Example 5.5. Let A be an additive category such that K(A) is abelian. Then A and K(A) are
semi-simple.
In particular, K(Ab) is not abelian.

Proof. Following the strategy in [tu], we proceed in several steps.

Step 1: Let C be an abelian category. Then C is semi-simple if and only if every morphism
f: A — B admits a pseudo-inverse, i.e., a map g: B — A such that fgf = f and gfg = g.

Suppose that every morphism admits a pseudo-inverse. Let u: A — B be a monomorphism
with pseudo-inverse v: B — A. Since u is a monomorphism, the equality uvu = v implies vu = id 4,
hence C is semi-simple. Conversely, suppose that C is semi-simple. Let f: A — B be a morphism.
We factor f =i op, where p: A —» I is an epimorphism and 7: I < B is a monomorphism. Since
C is semi-simple, there exist splittings s: I — A and 7: B — [ with ps = id; = mi. Putting
g=som: B— A, we compute gfg = smipsmt = sm =g and fgf = ipsmip = ip = f, as desired.

Step 2: Let C be an abelian semi-simple category and A C C a full subcategory. Then A is
semi-simple.

By Step 1 it suffices to check that every morphism in 4 admits a pseudo-inverse, which is clear
since a pseudo-inverse exists in C and A C C is full.

Step 3: Proof of the statement. If K(A) is abelian, then Corollary 5.4 shows that K(A) is
semi-simple. Now A4 C K(A) is a full subcategory, and hence semi-simple by Step 2. O

§6. Exact functors and triangulated subcategories

Definition 6.1. Let (C,T), (D, S) be triangulated categories. An exact functor (C,T) — (D, S)
consists of a pair (F, &), where F': C — D is a functor and £: FT =5 SF is a natural isomorphism,

w

such that for every distinguished triangle X %Y % Z % T(X) in C the triangle

F(u) F(v) Ex F(w)

F(X) F(Y) F(Z) SF(X)



36 Chapter 2. Triangulated Categories

in D is distinguished. We will often denote an exact functor by F' instead of (F,¢).
A natural transformation p: (F, &) — (G, () between exact functors is called ezact if Spo& =
¢ o uT as natural transformations F'T' — SG. We denote by

Fun®(C, D)
the category of exact functors and exact natural transformations (see Exercise 6.2).

Ezercise 6.2. Let H: (B,U) — (C,T), F,F',F": (C,T) — (D,S) and G: (D, S) — (£, R) be exact
functors between triangulated categories.

(a) Show that the composition G o F' is an exact functor.

(b) Let u: F — F’ and p': F' — F" be exact natural transformations. Show that the following
natural transformations are exact: (i) uH: Fo H — F' o H; (ii) Gu: Go F — G o F’;
(i) W op: F — F".

Lemma 6.3. Let F': (C,T) — (D,S) be an exact functor of triangulated categories. Then F' is
additive.

Proof. We first show that F(0) = 0. Let X € C be arbitrary (e.g., X = 0) and consider the

distinguished triangle X X071 (X) in C. Since F is exact, we obtain a distinguished

triangle F(X) M F(X) — F(0) — SF(X). As F(idx) = idp(x) is an isomorphism,

Proposition 5.3(i) shows that F'(0) = 0.
We next show F(X @Y) = F(X) @ F(Y) for all fixed X,Y € C (via the obvious maps). Note

that F' preserves zero morphisms, because F'(0) = 0. Proposition 5.3(ii) provides distinguished
1F(X) PF(Y)

triangles X 25 X @V 25 v 4 7(X) and F(X) 2% F(X) @ F(Y) 222 F(Y) S SF(X).
Consider now the following morphism of distinguished triangles:

F(ix) F(py)

F(X) F(X®Y) F(Y) —%5 SF(X)

H | H |

F(X) —— F(X)® F(Y) F(Y) SF(X),

1F(X)

PF(Y) 0
where the top triangle is distinguished because F' is exact. By Proposition 4.7(iii) we conclude that
F(X®Y) = F(X)— F(Y) is an isomorphism as desired. O

Example 6.4. Let F': A — B be an additive functor between additive categories. Then the induced
functor K(F): K(A) — K(B) (given by applying F termwise to a complex) is exact.

Proof. Since F' is additive, we have an induced functor C(F): C(A) — C(B) given by applying F'
termwise to a complex.? If s is a homotopy between morphisms f, g, then clearly F(s) is a homotopy
between F(f) and F(g), so that C(F') descends to a functor K(F') on the homotopy categories. It
is trivial to check K(F)(X[1]) = K(F)(X)[1] and K(F)(Mc(f)) = Mc(K(F)(f)) for all complexes X
and all morphisms f. Hence K(F') preserves triangles and is thus exact. O

TODO: The following result is optional.

2We need additivity to deduce F(d*) o F(d*~1) = F(d* od'~!) = F(0) = 0.
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Proposition 6.5. Let (F,&): (C,T) — (D, S) be an exact functor of triangulated categories. If F
admits a (right or left) adjoint G: D — C, then G can be promoted to an exact functor such that
the unit and counit are exact.

Proof. Suppose that F' admits a right adjoint G: D — C. The case of a left adjoint is dual. We
proceed in several steps. The construction of a natural isomorphism ¢: GS = T'G such that (G, ()
is exact will be given in Step 2. We denote the unit by : ide — GF and the counit by e: FG — idp.

Step 1: Suppose that a: Fy = F5 is a natural isomorphism of functors C — D and that F;
admits a right adjoint G; with unit 7;: ide — G;F; and counit ¢;: F;G; — idp (¢ = 1,2). Then
passing to the right adjoints yields an isomorphism o : Go = G given explicitly by the composite

G G1aG G
Gy 1225 G Gy 2252 GGy 1225 G

Indeed, for all X € C and Y € D we have a commutative diagram

Homp(F3(X),Y) —=— Home(X,G2(Y)) gay o Fo(f) i f
Homp(Fy(X),Y) —~ Home(X,G1(Y))  cay 0 Fal(f) o ax —— Gi(ay o Fa(f) o ax)omx,

and the fact that Gieay o G1Fa(f) o Gi(ax) omx = af o f follows from the commutativity of the
diagram

X — MY GF(X) —S0X G Ry(X)

fJ{ J{GlFl( n JGle(f)
(

G2 Y) MGy (Y) GlFlGQ(Y) W G1F2G2(Y) Greay Gl(Y)
L
ay

This shows that the dashed vertical arrow indeed makes the diagram commutative and is an
isomorphism. From the Yoneda lemma we deduce that aj- is an isomorphism.

Step 2: We apply Step 1 to the natural isomorphism o = £: FT' = SF. Note that the unit
—1
for the adjunction FT 4 T~'G is given by the composite ide <~ T~'T LN T~'GFT, and the

counit is given by the composite FTT'G =~ FG = idp. Similarly for the unit and counit of
SF 4 GS~!. Hence, letting ¢’ denote the composite

¢ 176 Y arra £9 asra 955 as,

—1,7g—1
we obtain from Step 1 that the composite GS~™! = T-1TGS™! 95 L pr1gss—t & 7@

is an isomorphism. But since 77!, S~! are equivalences of categories, we deduce that ¢’ is an
isomorphism. We now put ¢ := ¢(’~!: GS = TG.
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Step 3: The natural transformations 7: ide — GF and ¢: FG — idp are exact. Indeed, the
commutative diagram

r— " s — % GSF

CF

shows that the diagram
T T

| i

GFT F GSF T) TGF

commutes. Hence 7 is exact. Similarly, the commutative diagram

F¢
L R
Frc — 2% rarTG — 99, PGSFG —E95: ., PGS
\ J{sFTG JESFG lss
FTG = SFG - S

shows that the diagram
FGS £ FrG %5 SGF

| Js-

S S

commutes. Hence ¢ is exact.
Step 4: The functor (G,¢): (D,S) — (C,T) is exact. Indeed, let X =Y %5 Z % S(X) be a

distinguished triangle in D. By (T1) there exists a distinguished triangle G(X) RONYE )% A KN
TG(X). We need to find an isomorphism f: A = G(Z) making the diagram

ax) 2 qryy —@ A4 —' TG(X)
(6:1) | | 5 |
G(X) o GY) 5ot G(Z) =g TGIX)

commute. Since F' is exact, we obtain from Proposition 4.4 a morphism g: F(A) — Z such that
the diagram of distinguished triangles

FG(xX) —24Y, payy —29 s pray 20 spax)
Exl Exl % g lSEX
X _ Y . z _ S(X)
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commutes. We define f := G(g) ona: A — G(Z) to be the morphism which is adjoint to g. We
then compute

foa=G(g)onaca=G(g)oGF(a)ongwy) = G(go F(a)) onay)
=Gvoex)ongry) = G)oG(ey) onawy = G(v),
using naturality of n and the triangle identity Ge o nG = id¢g, and
(zoG(w)o f=Cz0G(w)oG(g9)ona=CzoG(wog)ona

=(z0G(Sex o&gx)o F(b)) ona =(z0GS(ex) o G(ég(x)) o GF (D) ona
=TG(ex) o Cra(z) © G(€a(x)) ©ra(x) o b =TG(ex) o T(ng(x)) o b = b,
using naturality of ¢ and that 7 is exact (for the penultimate step) by Step 3. Hence the diagram
(6.1) commutes.

It remains to show that f: A = G(Z) is an isomorphism. For any W € C we have a commutative
diagram

Hom(W,G(X)) — Hom(W,G(Y)) — Hom(W,A) —— > Hom(W,TG(X)) — Hom(W,TG(Y))

| H [ | |

Hom(W,G(X)) — Hom(W,G(Y)) —> Hom(W,G(Z)) — Hom(W,TG(X)) — Hom(W,TG(Y))

[~ [~ [~ [~ |

Hom(F(W),X) — Hom(F(W),Y) —— Hom(F(W),Z) —— Hom(F(W),S(X)) —— Hom(F(W),S(Y))

where the first and last row are exact by Proposition 4.7(1). We deduce that also the second row
is exact, and then the five lemma shows that f, is an isomorphism. From the Yoneda lemma we
conclude that f is an isomorphism as desired. This finishes the proof that (G, () is exact. O

Definition 6.6. Let (C,T) be a triangulated category. A full subcategory C’ C C is called triangu-
lated if the following properties are satisfied:

(a) For X € C’ if and only if T(X) € C’.

(b) If X - Y — Z — T(X) is a distinguished triangle in C such that X,Y € C’, then Z € C".
Moreover, the subcategory C’ is called thick if it is closed under direct summands, i.e., if X = X1 X,

lies in C’, then so do X7 and X5. A thick closure of C’ is the smallest thick triangulated subcategory
C'® C C containing C’.

Remark 6.7. Let C’ be a triangulated subcategory of (C,T). The following observations are
immediate:

(i) C' C C is strictly full: If u: X =Y is an isomorphism with X € C’, then Y € C’. (Indeed,
0€C by (T1)(b) and 0 - X % Y — T(0) is distinguished by (T1) and Proposition 4.10.)

(ii) The functor T: C" = C' is an equivalence of categories. (For essential surjectivity, use (i) and
the fact that T(T1(X)) = X for any X € C.)

(iii) f X - Y — Z — T(X) is a distinguished triangle in C and two out of X,Y, Z are in C’, then
so is the third.
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(iv) (C',T) is a triangulated category (in particular additive) and the inclusion (C',T) — (C,T) is
an exact functor.?

§7. The opposite triangulated category

Let (C,T) be a triangulated category. Fix an inverse T-1: C = C of T. We want to put a
triangulated structure on the opposite category (C°P,T~1).

Observation 7.1. Since T is an equivalence of categories, its inverse 77! is a left adjoint of T,
meaning that we have a natural (in X and Y') isomorphism

(7.1) Home (X, T(Y)) = Home (T~ H(X),Y),

w — W,

U 4— .
Concretely, fix the natural isomorphism «: T7'T =% id¢ which corresponds to idy under the above
isomorphism. Then (7.1) is given by @ = ay o T~ (w) for w: X — T(Y). In order to describe the

inverse, let 3:idec — TT~! be the morphism corresponding to idy—1 under (7.1). We then have
commutative diagrams

—1
T-1(x) ) pprix) T(v) 2290, pr-i7(y)
\ LOLT‘”’” x l{T(ay)
T-H(X) T(Y);

indeed, the left triangle commutes by definition of 8, and the right triangle commutes, because both
idp(yy and T'(ay ) o Bp(yy correspond to ay under the isomorphism (7.1).

Then the inverse of (7.1) is given by ¥ = T'(v) o 8. In particular, as T is an equivalence of
categories, the Yoneda lemma implies that [ is an isomorphism as well.

To summarize, T: C = C is an adjoint equivalence.

Remark 7.2. Let (C,T) be a triangulated category. Then a triangle X %Y % Z % T(X) is
distinguished if and only if the “unshifted” triangle

T-Y2) =% x %y 22% 171 (2)
is distinguished.

Proof. Note that we have an isomorphism of triangles

|

-1
X#YwTT (Z)W (X)),

XYy —Y 47 % 5 7(X)

31n fact, we could have defined a triangulated subcategory as an exact functor (C’, S) — (C,T) whose underlying
functor C’ < C is fully faithful.
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where the bottom triangle is the shift of (—w, u, 8zv). Hence the claim follows from Proposition 4.10.
O

Notation 7.3. If f: X — Y is a morphism in a category C, we denote by f°P:Y — X the
corresponding morphism in the opposite category C°P. Note that (f o g)°P = g°P o f°P whenever the
composition makes sense.

Definition 7.4. Let (C,T') be a triangulated category. A triangle
Xy 2 7 2 (X
in (C°P,T~1) is called distinguished if the corresponding triangle

—T(v)

Z5Y 5% X 5 T(Z) (equivalently, Y % X % T(Z) T(Y))

is distinguished in (C,T).

Proposition 7.5. Let (C,T) be a triangulated category. Then the opposite category (C°P,T—1) is
triangulated.

Proof. We verify axiom (T1). Clearly, every triangle isomorphic to a distinguished triangle is

idSP
distinguished. We need to check that the triangle X —— X — 0 — T~(X) is distinguished.
The corresponding triangle in C is given by 0 — X Mo x 1 (0), which is clearly distinguished.
Let now u°?: X — Y be a morphism in C°®. Then u: Y — X sits in a distinguished triangle

Y &% X 5 T(2) ), T(Y) of C, where we have used that T is an equivalence and w — w is
bijective. But this means that the corresponding triangle (u°P,v°P, w°P) is distinguished in C°P,
which finishes the verification of (T1).

We next check axiom (T2), so let X sV 2 Zz ™5 T=1(X) be a distinguished triangle in
C°P. We need to check that the shifted triangle (v°P, w°P, —T~1(u°P)) is distinguished. By definition,
the triangle (v, u, ) is distinguished in C. By Remark 7.2 the triangle (—w, v, Sxu) is distinguished,
which is isomorphic to (w,v, —Bxu) via (—idp-1(x),idz,idy). Again by definition, we conclude
that the triangle (w°P, v°P, (fﬂvau)"p) is distinguished in C°P. But now the claim follows from the
computation Sxu = ar—1x) T~ (Bxu) = ap—1x) T~ H(Bx)T " (u) = T~ Hu).

Finally, we need to check the octahedral axiom (T3). So let

x Iy I I ey,

y L5 7 20 xt 27 piy),

X My g My M X

be distinguished triangles in C°P, where h = f o g. We need to find morphisms u°P, v°P such that

(7-2) A ﬂ Y’ ﬁ) X' w) T—l(Z/)
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is a distinguished triangle and such that the diagram

fl/op

7 \ u hV \(f)op

T

7 \ 7\ V \(f yop

(g" T~ )P
commutes. Concretely, we need to verify the following equalities of morphisms in C:

3) flou=goh Y =Y
4) f"=uoh” THX)—=Z
.5) g=nhov :X' =7
6) R'oT N f)=vog" :T7YY)=Y'

By assumption, we have distinguished triangles

v & x 2z 229 ey,

75y 2 rxty =29, (g,
h B ~T(h")
—

z4 x X iy T(X)

in C. By (T3), and since T is an equivalence of categories, there exist morphisms u: Z’ — Y’ and
v: Y — X’ in C such that

T(’U) 7T(E,7f/) T2(XI)

7(x") T ryvry I 1z

is a distinguished triangle in C. Then also (—T'(v), —T'(u), —T(?f’)) is distinguished, which arises
as the triple shift of the triangle

x%w&zlLﬂX)

which by Proposition 4.10 is itself distinguished. But this means that the triangle (7.2) is distin-
guished, since g’ o f' = (¢” o T=Y(f"))™ by naturality of the isomorphism (7.1).
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Moreover, we know from (T3) that the diagram

-T(g")
T(X")
7 \\\ T(v) —T(h/' \(5‘,)
Y
% \ i (W) T 7 Qﬁ
Z X T2(X/

h — —

1 ~T(g" ")

commutes. We deduce that the following identities of morphisms in C:

=T(f") o T(u) =T(g) o (=T(M)),
J"=T(u)oh",

These prove the identities (7.3), (7.4), (7.5) and (7.6): Indeed, for the first and third identity this
is clear from the fact that T is an equivalence of categories. For the second and fourth identity we

use that the isomorphism in (7.1) is natural, so that T'(u) o h” = Woh', W' o f = (R o T7(f))™

and T'(v) o g = 17:)\:(]7. Hence, C°P satisfies the axiom (T3).
This finishes the proof that (C°P,T~1) is triangulated. O

Ezercise 7.6. Let (C,T) and (D, S) be triangulated categories. Check that a contravariant exact
functor (C,T) — (D,S) (i.e., an exact functor (C°°,T~1) — (D,S)) is given by a pair (F,¢§)
consisting of a contravariant functor F': C — D and a natural equivalence {: F = SFT such that
for every distinguished triangle X %Y % Z % T(X) in C the triangle

F(v) F(u) £x SF(w)

F(Z) F(Y) F(X) SF(Z)

is distinguished in D.

A. Homotopy pullbacks and homotopy pushouts

Definition A.1. Let (C,T) be a triangulated category. A commutative square

X —2->5Y

fl lg

X —Y
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is called a homotopy cartesian if there exists a morphism d: Y’ — T'(X) such that

u !
(1.1) x 5y xr @,y 4y

is a distinguished triangle. To signify that a commutative square is homotopy cartesian, we put a
‘1" in the center of the diagram. If the above square is homotopy cartesian, we call:

’
u

e X a homotopy pullback of X' 5 Y’ & Y, and

e Y’ a homotopy pushout of X' Lxmy.
Proposition A.2. Let (C,T) be a triangulated category. Let

X —25Y

o Jg

X —Y
u
be a homotopy cartesian square.

(i) C admits all homotopy pullbacks and homotopy pushouts.

(i) For every commutative diagram with solid arrows

there exists a map : Y’ — W such that b = Yu’ and a = vg; if moreover Home (T'(X), W) =
0, then v is unique.

Dually, for all maps X' LW %Y such that u'b = ga, there exists a map v: W — X such
that wp = a and f1p = b; if moreover Home (W, T~1(Y")) = 0, then ) is unique.

(i4i) Bvery distinguished triangle X =Y = Z 5 T(X) can be completed to a morphism of
distinguished triangles

X sy s 7 "5 T(X)

1o b |

(iv) For every commutative diagram with solid arrows
Z =X —=Y ——T2)

hi’“ Jf I lT(h)

7/ _ b'd Y T(Z/),

" 2
w u v
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where h is an isomorphism and the rows are distinguished triangles, there exists a map g’
making the whole diagram commutative and the middle square homotopy cartestan.

Proof. Part (i) is clear from (T1): Given a diagram X’ Ixw Y, we may complete the morphism

(%)

X —5 Y & X’ to a triangle as in (1.1).
We next prove (ii). By Proposition 4.7(ii) the functor Hom¢(—, W) is cohomological. Applying
it to the distinguished triangle X - Y & X' — Y’ — T(X) yields a long exact sequence

()
%
u (w*,— )

Home (T(X), W) % Home (Y, W) =25 Home (Y @ X', W) =L Home (X, W).

Now, we have (u*,—f*)(3) = au — bf = 0. Hence, there exists ¢y € Hom¢(Y', W) such that

(:fj) = (ug,i ) () = (%). Moreover, if Home (T'(X), W) = 0, then ¢ is unique. The dual assertion

follows similarly using that Home (W, —) is cohomological.
We now prove (iii). Factor u as the composite X (h—)% Y @ X’ — Y, and obtain the following
distinguished triangles:

X (*f) Y@X’ (g,u") Y’—)T(X)

Yox' 2y % rx) 22 rry g x1),

X5y 5725 17(X);

note that the second triangle is distinguished by Proposition 5.3(ii) and (T2). By (T3) we obtain a
distinguished triangle

—T(u)
—_—

v 2 7 2 () T(Y).

’
u

Now, applying Proposition 4.10 shows that X’ %+ Y’ %5 Z %5 T(X') is distinguished. Moreover,
we have a commutative diagram

d

!/ /_\

i,y / T

YoX TY & X')

BN e

—T(u')

In particular, we deduce the relations v'g = v and w’ = T(f)w. We thus obtain the desired
morphism of distinguished triangles.
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Finally, let us prove (iv). By (iii) (and a shift of triangles) we obtain the following commutative
diagram with solid arrows

7YX 'Y Y T(2)

L

’

Z-—Y,x vy Y, T(2)
i{~ H W iT(h)
Z/ 1 Xl 1 Y” 1 T(Z/)’

u v

where the rows are distinguished triangles and the top middle square is homotopy cartesian. By
Proposition 4.4 we find a morphism @ making the whole diagram commutative. Now, 1 is an
isomorphism by Proposition 4.7(iii). But then putting ¢’ := 1) o g proves the assertion. O
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Localization of Categories

The localization of triangulated categories in a special case of the localization of ordinary categories,
so we will treat the latter first.

§8. Localization of additive categories

Let us first look at the example of localization of rings.!

Example 8.1. Let A be a ring and S C A a subset. By possibly increasing S, we may assume
1 € S and that a,b € S implies ab € S. The localization of A at S is a pair (A[S™!],:), where
A[S7'] is a ring and ¢: A — A[S™!] is a ring map with +(S) C A[S™1]*, satisfying the following
universal property: For every ring R and every ring morphism f: A — R with f(S) C R* there
exists a unique ring map f: A[S™!] — R making the following diagram commute:

A——— R

el

|
A[S1].

f
i
In other words: Precomposition with ¢ induces an injection
HomR;ng(A[Sfl], R) — HOmRing(A, R)
whose image consists of those ring maps f: A — R satisfying f(S) C R*.

The notion of localization of categories is analogous, but “one categorical level higher”.

Definition 8.2. Let C be a category and S a class of morphisms in C. A localization of C with
respect to S consists of a pair (C[S7!],Q), where C[S™!] is a category and Q: C — C[S™1] is a
functor such that Q(s) is invertible for every s € S, which satisfies the following universal property:
For all categories D the natural functor

Fun(C[S~Y], D) <> Fun(C, D)

LObserve that a ring is the same thing as an Ab-enriched category with one object.

47
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given by precomposition with @) induces an equivalence onto the full subcategory Fun® (C,D) C
Fun(C, D) of those functors F': C — D sending each morphism in S to an isomorphism in D.
In other words:

(1)

(2)

For every functor F': C — D sending the morphisms in S to isomorphisms in D, there exists
a functor F: C[S™!] — D and a natural isomorphism 6: F == F o @, that is, there is a
commutative diagram

C—7D

o ¥ 5
CIS™;

For all functors F',G: C[S™!] — D the map

(8'1) HomFun(C[Sfl],D) (Fv é) = HomFun(C,D) (F °Q, Fo Q)7
a— a@

is bijective.

Remark 8.3. Let Q: C — C[S™!] be a localization functor and D a category.

(a)

(b)

The fully faithfulness of Q*: Fun(C[S~'],D) < Fun(C, D) implies that a natural transforma-
tion a: F = G of functors C[S~!] — D is an isomorphism if and only if aQ: FQ = GQ is
an isomorphism of functors C — D.

Given a functor F': C — D, the pair (F,0: F == F o Q) is unique up to unique isomorphism:
For every other pair (F/,Q’ F = F o Q) we obtain from (2) above a unique natural
transformation a: F = F such that 6/ = a@ of. Now, a@ = ¢ o #~! is an isomorphism,
and hence (a) implies that « is an isomorphism as well.

Remark 8.4. (a) The localization (C[S™1], Q) always exists. A proof is sketched in [GMO03, I1L.2].

(b)

However, it may happen that C[S~!] is not locally small (meaning that the Hom spaces are
proper classes). Even when C[S~!] is locally small, this is usually highly non-trivial to prove.

—_~—

The localization (C[S™!],Q) is unique in the following sense: If (C[S—1],Q) is another local-
ization, then there exists an equivalence of categories F': C[S™1] = C[S~1] and a natural
isomorphism 6: @Q = FQ. Moreover, the pair (F,#) is unique up to unique isomorphism.

—~—

Proof. By the universal property of C[S™!], there exists a functor F': C[S™!] — C[S~1] and a
natural isomorphism 6: @ == F(Q. Similarly, by the universal property of C[S—!] there exists
a functor G: C[S—1] — C[S™!] and a natural isomorphism 7: Q = GQ. Now we have an
isomorphism

GhoT: Q = GFQ

of functors C — C[S ~1], and hence by (2) above there exists a unique natural isomorphism
a: idejs-1) = GF of functors C[S™'] — C[S™'] such that @ = GO o 7. Similarly, we have
an isomorphism

FTOG:@%@QV
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—_~

of functors C — C[S—1], and hence by (2) above there exists a unique natural isomorphism
B:id —~— = FG of functors C[S—1] — C[S—1] such that 3Q = F7 o 6. In particular, F and

_csT _
G are equivalences which are quasi-inverse to each other. The uniqueness of (F, 6) is discussed
in Remark 8.3(b). O

Example 8.5. Let A be an abelian category. Consider the category C(A) of complexes in A and
let qis be the class of quasi-isomorphisms in C(A). Then

D(A) = C(A)[qis ]

is the (unbounded) derived category of A. We similarly define the bounded derived categories
D*(A), D=(A) and D*(A).

Our next immediate goal is to prove that localizations of additive categories are again additive.
We follow the outline sketched in [Cul0].

Lemma 8.6. Let C be a category and S a class of morphisms in C. Then the localization functor
Q: C — C[S™Y] is essentially surjective.

Proof. We factor @ as a composite of functors Q1: C — Cs and Qz: Cs — C[S™!], where Cg is the
essential image of Q). Note that @, inverts the morphisms in .S, and hence the universal property of
C[S~!] provides a functor R: C[S~!] — Cs together with a natural isomorphism 0: Q1 = RoQ. We
obtain a natural isomorphism Q20: Q = Q20 Ro(@, and by (2) in Definition 8.2 and Remark 8.3(a),
we find a unique isomorphism : ide[s-1) = Q5 o R such that ¢Q = Q20. We deduce that Q,,
and therefore also @ = @2 o @1, is essentially surjective. O

Lemma 8.7. Let C, D be categories with chosen classes of morphisms S, T, respectively. Suppose
that S and T contain the identities. Then there is a natural equivalence of categories

CxD)(SxT) '] =[S x DT
which is compatible with the localization functors.
Proof. Let £ be a category. We have to check that the essential images of the functors
Fun((C x D)[(S x T)"'],€) — Fun(C x D, &) +— Fun(C[S™'] x D[T'],€)

agree. In other words, we need to show that a functor F': C x D — & inverts the morphisms in
S x T if and only if it inverts the morphisms in S and T’; but this is obvious from our hypothesis
that S and T contain the identities (every morphism (s,¢) € S x T' decomposes as (s,id) o (id, t)).

We deduce that the categories (C x D)[(S x T)~!] and C[S™!] x D[T'~!] (together with their
localization functors) satisfy the same universal property. By Remark 8.4(b) the canonical functor
in the assertion is an equivalence of categories. O

Lemma 8.8. Let C, D be categories with chosen classes of morphisms S, T, respectively. Let
L:C 27D :R be an adjunction such that L(S) CT and R(T) C S.
Then there is an induced adjunction Lg: C[S™Y] = D[T~1] : Ry. Moreover:

(i) There are natural isomorphisms LsQc = QpL and QcR = RrQp which are obtained from
each other by the adjunctions.
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(ii) If the unitn: ide — RL is an isomorphism, then so is the unit ns: idejg-1) — RrLs. Similarly,
if the counit e: LR — idp s an isomorphism, then so is the counit er: Ls Ry — idpip-1.

Proof. Recall that an adjunction comes with natural transformations e: LR — idp and n: id¢ — RL
such that the following triangles commute:

L -2 LRL R RLR
k J/EL & lRE
L L.

Now, since L(S) C T, the functor QpL: C — D[T~!] inverts the morphisms in S. Hence, there
exists a unique pair (Lg, 1) consisting of a functor Lg: C[S~!] — D[T~!] and a natural isomor-
phism ¢, : LsQc¢ = QpL. Similarly, there exists a unique pair (Rr,¢g) consisting of a functor
Rr: DIT~' — C[S™!] together with a natural isomorphism ¢r: QcR = RrQp.

We define ng: id¢js-1] — RrLs as the image of n under the map

Hom(ide, RL) 2% Hom(Qc, Qe RL) = Hom(Qc, RrLsQc)
= Hom(idc[s—1]7RTLs).

We similarly define er: LgRr — idp[r-1). Concretely, this means that the following two diagrams
commute:

Qc _1sQe RrLsQc LsQcR 5% LsRrQp
(82) QC”I\L NlRTtpL QDLR\LN lETQD
QcRL —— RrQpL QpLR ——— @p.
PR Qpe

From the diagrams we observe that, if  is an isomorphism, then so is n5Q¢. As Q¢ is a localization
functor, it follows that ng is an isomorphism. Similarly, if € is an isomorphism, then so is e7.

It remains to prove that (Lg, Rr,ns,er) defines an adjunction, i.e., that Ryrer o ngRyp = idg,
and epLg o Lgns = idr,. By (8.1) these identities can be checked after precomposing with Q)p and
Qc, respectively. We only verify the first identity, because the second one is analogous. Consider
the diagram

QcRe

QcRLR —2f=_, 0O.R
QcnR Nl@RLR NlipR
RrQpLR —"%" 5 R1Qp
NTRTSDLR
QcR —%E , RiLsQcR
leN NlRTLWR RrerQo

RrQp m RrLsRrQop.

The small squares commute by naturality of ns and €, and the “triangles” are the commutative
diagrams (8.2). Hence the whole diagram commutes. We thus have

(RrerQp) o (nsRrQp) 0o wr = ¢ro (QcRe) o (QenR) = ¢r = (idr,.Qp) © ¢r,
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where the second identity holds because Re o nR = idg. As ¢pg is an isomorphism, we deduce the

right triangle identity for (Lg, Rr,ns,e7). The left triangle identity is analogous and left to the
reader.

The assertion that ¢ and @i are mates means that we obtain each from the other via

o1, = (erQpL) o (LsprL) o (LsQcn),
¢r = (RrQpe) o (RrprLR) o (nsQcR).

(In fact, the two identities are equivalent: Exercise!) Indeed, we have a commutative diagrams

nsQcR LQcn

= QcR ——— RrLsQcR — LsQc ————— LsQcRL
\ \ \ \
QcnR RreoLR LsnsQc LsprL
l . l l Lon l
QcRLR “*== RrQpLR LsRrLsQc %% LsRrQpL
\ \ \ \
QcRe RrQpe erLsQc erQpL
{ { { {
= QcR BT r— RrQp = LsQc —r QpL,

where the top diagrams commute by (8.2) and the bottom diagrams commute because g and ep
are natural. This proves the claim. O

Example 8.9. Let C be a category and I a set; we will only need the cases I = & and I = {1,2}.
Consider the diagonal functor A: C — C! given on objects by A(C) = (C); and on morphisms by
A(f) = (f)i-

(a) A admits a right adjoint R: C! — C if and only if C admits I-fold products. In this case, R
is given by R(C;); = [[;c; Ci and the unit id¢ — RA is given by the diagonal C' — [],.; C.
Indeed, for all A € C we have natural bijections

Home (A, R(C;);) = Homer ((A)i» (Cl)l)
= H HOHlC(A, Cz) = Homg¢ (A, H Cz) .

iel
Hence the claim follows from the Yoneda lemma.
(b) A admits a left adjoint L: C! — C if and only if C admits I-fold coproducts. In this case, L is
given by L(C;); = | J;c; Cs and the counit LA — ide is given by the fold map | |,., C — C.
Proposition 8.10. Let C be an additive category. Let S be a class of morphisms which is closed
under biproducts. Concretely, this means:

(a) S contains all identities: for every C' € C we have id¢ € S;
(b) S is closed under binary biproducts: if s,t € S, then s®t € S.

Then C[S™1] is an additive category and Q: C — C[S™1] is additive.
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Proof. We first check that C[S™!] admits biproducts. Let I be a finite set (think of I = @ and
I = {1,2}). The diagonal functor A: C — C! admits a right adjoint R by Example 8.9, which
agrees with the biproduct. We put 7' = S?. Then A(S) C T and our hypothesis on S ensures that
R(T) C S. By Lemma 8.7 we have a commutative diagram

By Lemma 8.8 the functor A: C[S™!] — CI[T~1] = C[S~!]! admits a right adjoint R, and the
natural transformation pr: QR <% RrQ' (coming from the obvious isomorphism AQ =5 QT A) is
an isomorphism.

Hence, C[S~1] admits finite products and the localization functor Q: C — C[S~!] preserves them.
A completely analogous argument shows that C[S~!] admits finite coproducts and @ preserves them.
As a consequence, C[S™!] has biproducts and the localization functor @ is additive.

It remains to show that for every object C' € C[S™!] the canonical structure of a commutative
monoid on C is a group or, equivalently, the embedding i: CGrp(C[S™']) < CMon(C[S~!]) = C[S™]
is essentially surjective. Observe that @ factors as the composition

C = CGrp(C) — CGrp(C[S™1]) < C[S~1.
Now, @ is essentially surjective by Lemma 8.6, hence so is i. O

In the next section we will study the following situation.

Ezercise 8.11. Let C be a category and S a class of morphisms of C. Suppose that the localization
functor Q: C — C[S™!] admits a right adjoint R: C[S™!] — C. Show that R is fully faithful.
§9. Bousfield localizations
One of the most important examples of localizations are Bousfield localizations.
Definition 9.1. Let @Q: C &= D : R be an adjunction.

(a) @ is called a Bousfield localization if R is fully faithful (equivalently: the counit QR = idp
is an isomorphism).

(b) A morphism f in C is called an R-local equivalence if Q(f) is an isomorphism in D.

(¢) An object X € C is called R-local if for all R-local equivalences f: A — B the map
f*: Home (B, X) = Home (A, X)

is bijective.
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Example 9.2. (1) Let X be a topological space and consider the (full) inclusion Shv(X) —
PSh(X) of sheaves into all presheaves. Its left adjoint, called sheafification is a Bousfield
localization. The local equivalences are given by all maps F — G of presheaves such that
Fz = G, is an isomorphism for all z € X.

(2) Consider the (full) inclusion Ab — Grp of abelian groups into all groups. Its left adjoint
G — G?P, called abelianization is a Bousfield localization.

(3) Consider the (full) inclusion Bang — Normpg of Banach spaces into the category of all normed
real vector spaces with bounded linear operators. Its left adjoint, which is given by completion,
is a Bousfield localization.

(4) (Later, see Theorem 15.6) Let R be a ring. Then the localization functor Q: K*(R) — DT (R)
admits a fully faithful right adjoint given by taking injective resolutions.

Remark 9.3. Observe that the class of R-local equivalences has the following properties:

(a) Every isomorphism is an R-local equivalence.
(b) R-local equivalences satisfy the 2-out-of-3 property: If f,g are composable morphisms in C

and two of f, g, g o f are isomorphisms, then so is the third.

Theorem 9.4. Let Q: C — D be a Bousfield localization with fully faithful right adjoint R and unit
7:ide = RQ.
(i) For every A € C the unit na: A — RQ(A) is an R-local equivalence.
(ii) Let f: A — B be an R-local equivalence between R-local objects. Then f is an isomorphism.
(iii) For every D € D the object R(D) is R-local.
(iv) Let CT1°¢ C C be the full subcategory of R-local objects. Then Q restricts to an equivalence of
categories
Q/: CR—IOC ~y D,
In particular, an object of C is R-local if and only if it is isomorphic to an object of the form
R(D) (D e D).
(v) The functor Q exhibits D as the localization of C at the class S of R-local equivalences:

D=C[S7].
In particular, C[S™1] is a locally small category.

Proof. Recall that R being fully faithful means that the counit e: QR = idp is an isomorphism.

We prove (i), so let A € C. By the left triangle identity for adjunctions, we have g4y 0 Q(na) =
idga)- As gy and idg(4) are isomorphisms, so is Q(14).

Let us prove (ii), so let f: A — B be an R-local equivalence between R-local objects. Since A is
local, there exists a map g: B — A such that go f =id4. By the 2-out-of-3 property (Remark 9.3),
g is an R-local equivalence. As B is R-local, there exists a map h: A — B such that hog =idg. It
follows that g is an isomorphism, hence so is f.



54 Chapter 3. Localization of Categories

For part (iii), let D € D and let f: A — B be an R-local equivalence in C. Since @ is left adjoint
to R, we have a commutative diagram

Home (B, R(D)) —— Home (A, R(D))

Homp(Q(B), D) ﬁ Homp(Q(A), D),

where the bottom horizontal map is an isomorphism because f is an R-local equivalence. We deduce
that the top horizontal map is an isomorphism. As f was arbitrary, it follows that R(D) is R-local.

We prove (iv). By part (iii) it is clear that Q' is left adjoint to R and that the counit Q'R = idp
is an isomorphism. It remains to prove that the unit 7: id¢r1ce — RQ' is an isomorphism. By (i)
it suffices to show that every R-local equivalence f: A — B between R-local objects is invertible.
But this is the content of (ii).

We finally prove (v). It is obvious from the definition that @ sends R-local equivalences to
isomorphisms in D. Let now £ be another category. Observe that the adjunction (Q, R, 7, ) induces
an adjunction

R*: Fun(C,€) = Fun(D,€) :Q*

with unit n*: id — Q*R* given by nj: F RN FRQ = Q*R*(F) and counit £*: R*Q* = id given
by e R*Q*(G) = GQR S€, G. We need to check the triangle identities e5. p 0 R*n} = idp+r and
Qe 0 NG = idg+¢ for all functors F': C — & and G: D — £. But this is equivalent to checking

that the diagrams

FR "% FROR aQ £9% GQRQ

itm J/FRE ic% JGeQ
FR GQ

commute, which is clear from the triangle identities for @ 4 R.

Since the counit is an isomorphism, we deduce that Q* is fully faithful. The essential image of
Q* consists of all functors F': C — £ sending R-local equivalences to isomorphisms in £. Indeed, if
F inverts R-local equivalences, then by (i) the natural transformation Fn: F — FRQ = Q*R*F is
an isomorphism, hence F' lies in the essential image of @*. The other direction is trivial, because
@™ inverts R-local equivalences. O

Remark 9.5. We will prove in Proposition 13.9 a criterion to determine when a localization functor
is a Bousfield localization.

Exercise 9.6. Let Q: C — D be a Bousfield localization with fully faithful right adjoint R and let 7
be a small category. Show that a diagram F': Z — D admits a (co)limit in D whenever RF': T — C
admits one, and in that case the canonical maps

colim F' = Q(colim RF) and Q(lim RF) = lim F'

are isomorphisms in D. Deduce that, if C is (co)complete, then so is D.
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Exercise 9.7. Let Q: A — B be a Bousfield localization between abelian categories, and suppose
that @ is exact. Denote by R the fully faithful right adjoint of Q.

(i) Show that a morphism f in A is R-local if and only if Q(Ker(f)) = 0 = Q(Coker(f)).

(ii) Let Z be a small category and suppose that the formation of Z-indexed (co)limits in A is
exact. Show that Ker(Q) is closed under Z-indexed (co)limits if and only if @) preserves them.

(Hint: To show that @ preserves Z-indexed limits if Ker(Q) is closed under these, proceed
as follows: Let S be the class of R-local equivalences in A and T the class of pointwise R-local
equivalences in Fun(Z,.A). Observe that Q.: Fun(Z, A) = Fun(Z, B) : R, is a Bousfield localization
and 7 coincides with the R,-local equivalences. The adjunction A: A = Fun(Z, A) :lim satisfies
A(S) C T and lim(7) € S. Now conclude by Lemma 8.8.)

§10. Calculus of fractions

We now prove the existence of a localization in case we have a calculus of fractions.

Definition 10.1. Let C be a category. A class S of morphisms in C is called (left) multiplicative if
it satisfies the following conditions:

(S1) S contains every isomorphism in C.

(S2) If s, t are composable morphisms in S, then sot € S.

(S3) Every diagram X Ly 5y can be completed to a commutative diagram

Yy —=— Y’
|
X - y X/

inC withtels.

(S4) Let f,g: X = Y be two morphisms in C and let s: X/ — X in S with fos=gos. Then
there exists t: Y — Y’ in S such that to f =tog:

If these conditions are satisfied, we say that C admits a (left) calculus of fractions with respect to S.
Similarly, S is called a right multiplicative system if the corresponding class of morphisms in C°P
is a left multiplicative system. In this case, we say that C admits a right calculus of fractions.

FEzxercise 10.2. Show that Bousfield localizations admit a calculus of fractions with respect to the
local equivalences.

Notation 10.3. Let C be a category which admits a calculus of fractions with respect to S, and fix
X € C. Recall that the slice category Cx/, is defined as the category whose objects are morphisms
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f: X =Y, and
f g ! . . ! . f X
Hoch/(X—>Y,X—>Y).— h:Y =Y " inC N commutes
YT>YI

We define S C Cx, as the full subcategory of all morphisms s: X — X’ which lie in S.
Beware that a morphism in S¥ need not lie in S.

Lemma 10.4. Suppose that C admits a calculus of fractions with respect to S and fir X € C. Then
SX is a filtered category.

Proof. We need to check the following conditions:

(a) For any s,s’ € S¥ there exists t € SX and morphisms s — t, s’ — t.

(b) Let f,g: s = t be two morphisms in SX. Then there exists h: ¢ — u in S¥ such that
hof="hog.

Part (a) follows immediately from (S3) and (S2). Part (b) is a reformulation of (S4). O

Theorem 10.5. Suppose that C admits a calculus of fractions with respect to S. Then the localization
Q: C — C[S™Y] ewists. Moreover, Q commutes with finite colimites (provided these exist in C).

Proof. We define a category Cg via
Ob(Cs) :== Ob(C),
and, for all X,Y € Ob(Cg),

Home, (X,Y) = lim Home (X, Y7).
[Y—=Y’]esY

By Lemma 10.4 the category SY is filtered. The elements of Home, (X,Y) are equivalence classes
[f, s] represented by a roof (f,s) with s € S, which we depict as

77N

X Y.

Two roofs X 2+ Z & Y and X 15 2/ & Y are called equivalent, written (f,s) ~ (f’,s’), if there
exist morphisms g: s — s” and ¢': s’ — s” in SY such that gf = ¢’f’, that is, the diagram

Z

/ lg \
f” "

X —7"E—Y

N

Z/

commutes.
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Exercise. Show that ~ is an equivalence relation.

We still need to define the composition in Cg, for which we need some preparation.

Step 1: For every Y € Cg and every morphism h: [X 2 X'] — [X LR X"]in SX the map
h*: Homey (X”,Y) = Homey (X',Y)

is bijective. Note that s*h* = s as maps Home, (X”,Y) — Home,(X,Y). By the 2-out-of-
3 property for isomorphisms, it suffices to show that s* and s* are bijective. Without loss of
generality it suffices to check this only for s*. If [f,¢] € Home,(X,Y) is arbitrary, then we can

complete the diagram Y’ Lx s x by (S3) to a commutative diagram

X —= X
| ¥
Y — Y - >y Y

such that s € S. Then s't € S by (S2) and hence s*([f/,s't]) = [f's,s't] = [¢'f,s't] = [f, 1]
showing that s* is surjective. In order to prove that s* is injective, consider morphisms f: X' — Y,
t:Y =Y f X = Y" t':Y = Y" with t,#' € S¥ such that s*[f,t] = s*[f’,#']. This means
(fs,t) ~ (f's,t'), and hence we find maps g: t — ¢ and ¢’: t' — ¢ in SY such that gfs = ¢'f’s.
By (S4) there exists h: t" — " in SY such that hgf = hg'f’. But now (f,t) ~ (hgf,t"") =
(hg'f',t"") ~ (f',t') showing that s* is injective.

Step 2: For each map h: [Y = Y'] = [Y 25 Y"] in SY, composition in C induces a map

(10.1) lim  Homg, (Y',Z) x Home(X,Y') — Home, (X, Z).
[Y—=Y’]esY

To see this, we have to check that the following diagram commutes:

Home, (Y, Z) x Home(X,Y"”) —————— Home, (X, Z)
(10‘2) h* xile To

Home, (Y, Z) x Home(X,Y") <75~ Homeg (Y, Z) x Home (X, Y").
To this end, take f € Home(X,Y”) and [g,t] € Home, (Y, Z) which is represented by a roof
v’ 2% 7' & Z. Then

(id x ho)(lg,t], ) = ([9,t], hf) € Home, (Y, Z) x Home (X, Y").

We now construct the preimage under A* x id. From (S3) we get a commutative diagram

y 2 7

hs:s’J{

Y s W,

g

"
S
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where s” € S. This means s”gs = g’hs, and hence by (S4), there exists a map uw: W — W' in §
such that us”g = ug’h as maps Y’ — W’. Hence h*([ug’, us"t]) = [ug’'h, us"t] = [us”g,us"t] = [g,1].
Consequently, we get (h* x id)([ug’, us"t], hf) = ([g,t], hf) = (id x hs)([g,t], f). We compute
lg.t] o f = [9f,t] = [ug'hf, us"t] = [ug’,us"t] o hf,
which shows that the diagram (10.2) commutes.
Step 3: Cg is a category. We define the composition on Cg via the map

Home, (Y, Z) x Home, (X,Y) = Home, (Y, Z) x hgn Home (X,Y”)

[Y—>Y']esY
= lim  Home(Y,Z) x Home(X, Y’)
[Y—=Y’lesY
Viad lim  Home, (Y, Z) x Home (X, Y”) (Step 1)
[Y—=Y’]lesSYy
— Home, (X, Z) (by (10.1)).

Concretely, let X Ly &vandy % 2 & Z be two roofs with s,t € S. The composite
[g,t] o [f, s] is then given by the roof [¢'f, s't],
Z//

’

g R K\\ s
. N

. N

o .
X Y Z,

where ¢, s’ are morphisms such that ¢’s = s'g and s’ € S (which exist by (S3)); note that s't € S
by (S2). The construction above shows that this definition is independent of the choices of ¢, s’
and of the chosen representatives of [g,¢] and [f, s].

It is obvious that the identity idx is represented by the roof (idx,idx) (where idx € S by (S1)).
The associativity is trivial to check and left as an exercise.

Step 4: Construction of a canonical functor Q: C — Cg which inverts S. Define @) as the
identity on objects and as the canonical inclusion

Home(X,Y) —  lim  Home(X,Y') = Home, (X,Y),
[Y—=Y’]esY
f — [fv ldY]
corresponding to idy € S. We now check that Q inverts S: Let s: X — X’ be in S, viewed as an
object of SX. Then precomposition with Q(s) = [s,idy-] is given by the isomorphism in Step 1.
Hence @Q(s) is an isomorphism by the Yoneda lemma.

Step 5: Q: C — Cs is a localization functor. Let F': C — D be a functor which inverts S. We
define a functor F': Cg — D by F on objects and on morphisms by

Home, (X,Y) = lim  Home(X, vy L lim  Homp(F(X), F(Y'))
[y —vyesy [Y—y/iesy

= Homp (F(X), F(Y)),
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where the equivalence comes from the fact that the transition maps are bijective, because F' inverts
all morphisms in SY by the 2-out-of-3 property. It is clear that F indeed defines a functor and
satisfies ' = F o Q (strict equality!). It remains to show that, for two functors F,G: Cs = D the
natural map

(103) HomF‘un(Cs ,D) (Fa é) = HomFun(C,'D) (FQa éQ)a
a— a@

is bijective. Injectivity is obvious from the fact that @) is the identity on objects. For surjectivity,
let 3: FQ — GQ be a natural transformation; hence for each X € C we are given a morphism
Bx: FQ(X) — GQ(X) in D such that for all maps f: X — Y the diagram
FQ(X) 2 GQ(X)
FQ(f )l léQ(f )
FQ(Y) “ay GQ(Y)

commutes in D. For each X € Ob(Cs) we put ax = Bx. For each morphism f: X — Y in Cg,
represented by a roof X Liyre Y, we have f = Q(s)~! o Q(f) and hence a commutative diagram

F&) —— FQ(X) 2 GQ(X) =—— G?X)
FQ(f) laQ(f)

20)) FQY') 2% GQ(Y) a
o]~ ~[au)

F(f) —— FQY) —— GQY) —— G(jm

which shows 8 = a@Q). Therefore the map (10.3) is bijective finishing the proof that (Cg, Q) satisfies
the universal property of a localization.

It remains to prove that (): C — Cg preserves finite colimits. To this end, let Z be a finite
category and F': 7 — C a diagram. For any Y € Cg we have natural isomorphisms

Home, (Q(colzim F), Y) = hgn Hom¢ (colIim F, Y’)
[Y—=Y’]esSY
~ 0 lim Home (F(i),Y”")

v oyiesy (€7

&~ lim lim  Home (F(i),Y")

m
Ly Sy rlesy

~ lin Home, (QF(1),Y).

where the third isomorphism uses the well-known fact that filtered colimits in Set commute with
finite limits (see, e.g., [KS06, Theorem 3.1.6]). This shows that @ colimz F' is the colimit of
QF:T —Cg. O
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We draw the following immediate consequences from the proof of Theorem 10.5.

Corollary 10.6. Suppose that C admits a calculus of fractions with respect to S, and denote
Q: C — Cg the localization functor.

(i) Every morphism in Cg is of the form Q(s)™' o Q(f) with s € S.
(i) Let f,9: X = Y be two morphisms in C. Then Q(f) = Q(g) if and only if there exists
s:Y = Z in S such that so f =sog.

(iii) Let f: X =Y be a morphism in C. Then Q(f) is an isomorphism if and only if there exist
morphisms g: Y — Z and h: Z — W such that go f € S and hog € S.

Proof. For (i), we observe that every morphism in Cg is represented by a roof (f,s) and that
Q(s) o [f,s] = Q(f) by (the proof of) Theorem 10.5.
We now prove (ii). By definition, we have Q(f) = Q(g) if and only if there exist s,t: Y — Z in

S such that the diagram
Y
RN
X Z Y
N i /
Y

commutes. But this is equivalent to so f =to g and s =1t.

Finally we show (iii). For the “only if” direction it suffices to show that if Q(f) is an isomorphism,
then there exists a morphism g with go f € S. Because then Q(g) c Q(f) = Q(go f) and Q(f) are
isomorphisms, hence so is Q(g). But then there exists a morphism A such that hog € S.

Suppose now that Q(f) is an isomorphism. The inverse is represented by a roof ¥ .7 E X,
from which we deduce Q(¢' o f) = Q(¢') o Q(f) = Q(s). By (ii) there exists t: Z’ — Z in S such
that tog’o f =tos e S. Hence g :=to g’ is as desired.

Conversely, suppose that there are morphisms ¢g: Y — Z and h: Z — W such that go f € §

and hog € S. Then Q(g) o Q(f) = Q(go f) and Q(h) o Q(g) = Q(h o g) are isomorphisms. We
deduce that Q(g) is an isomorphism, and then Q(f) is one as well by 2-out-of-3. O

Remark 10.7. Suppose that C admits a calculus of fractions with respect to S. The proof of
Theorem 10.5 shows that the localization Cg is locally small if and only if for all X € C the filtered
category S¥ is cofinally small.

Proposition 10.8. Suppose that C admits a calculus of fractions with respect to S. Let D C C be
a full subcategory such that either the conditions

(a) SND (i.e., the class of morphisms X —Y in S with X,Y € D) is a multiplicative system;
(b) For all s: X — X' in S with X € D there exists g: X' =Y with gos € SND;

or the conditions

(a’) SND is a right multiplicative system;
oralls:Y' =Y in S wi € ere exists g: X =Y with sog e SND;
b’) Foralls:Y' =Y in S withY € D th st X =Y with SND
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are satisfied. Then the induced functor Dgnp — Cg is fully faithful.

Proof. By (a) and Theorem 10.5 the localization Qp: D — Dgnp exists. Since the composite

D—C % Cs inverts the morphisms in S N D, there is a canonical functor Dgnp — Cs (which is
compatible with the localization functors). We need to check that for all X, Y € D the induced map

Homp, . (X,Y) — Home, (X,Y)

is bijective. Let f: X — Y be a morphism in Cg, which is represented by some roof X % Y’ & V.
By (b) there exists a map t: Y’ — Z such that ts € SND. Then f is also represented by the

roof X % 7 &% vV in D, so that f lies in the image of Dsnp proving surjectivity. In order to
prove 1nJect1v1ty, let f,f: X — Y be morphisms in Dgnp represented by roofs X Lhzey

and X L5 7/ <S— Y, respectively. Supposing f = f’ in Cg, there exist morphisms u: s — s’ and

uw': s — s"in SY such that the diagram

/l\

S

X—>Z”<—Y

commutes in C. By (b) again, there exists t: Z” — W such that ts” € SND. Then f and f are
both represented by the roofs (t?//, ts'), which proves injectivity. O

Corollary 10.9. Suppose C admits a calculus of fractions with respect to S, and let D C C be a
full subcategory satisfying the following condition:

(x) For all X € C there exists s: X =Y in S withY € D.

Then S ND is a multiplicative system and the functor Dsnp <> Cg is an equivalence.

Proof. 1t is clear that S N D satisfies (S1) and (S2), and (S3), (S4) follow immediately from (%) and
the fact that S is a multiplicative system. Hence S N D is a multiplicative system. Moreover, ()
also implies condition (b) in Proposition 10.8, hence we deduce that Dgnp < Cg is fully faithful.
It is essentially surjective again by (k). O

§11. Localization of triangulated categories

Definition 11.1. Let (C,T) be a triangulated category and S a class of morphisms satisfying
(S1)—(S4). We say that S is compatible with the triangulation if it satisfies the following conditions:

(S5) s S «— T(s) €Ss.
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(S6) Counsider a commutative diagram with solid arrows

x Loy 2.z o, px)

Ll e

X/ I Y/ 7 Z/ ! T(X/) )
f g h

where the rows are distinguished triangles, and suppose that s,t¢ € .S. Then there exists u € S
making the whole diagram commute.

Theorem 11.2. Let (C,T) be a triangulated category and S a multiplicative system which is
compatible with the triangulation. Then:

(i) There is a unique (up to unique isomorphism) pair (Ts,&) consisting of an equivalence
Ts: Cs = Cs and a natural isomorphism £: Qo T = Ts o0 Q.
(ii) (Cs,Ts) has the unique structure of a triangulated category such that the localization functor
(Q,8): (C,T)— (Cs,Ts) is exact.
(ii) The pair (Cs,Q) satisfies the following universal property: For all triangulated categories
(D, Tp), precomposition with Q induces a fully faithful functor

Q*: Fun®(Cs, D) — Fun®(C, D)
whose essential image consists of those exact functors which invert S.

Proof. We first argue that Cg is additive. Let S be the class of morphisms in C which are inverted by
Q. Then the induced functor Csg = C3 is an equivalence compatible with the localization functors.
From Theorem 10.5 we deduce that (Q: C — Cg preserves finite coproducts. Hence, S is closed
under coproducts (which are biproducts in C). We may thus apply Proposition 8.10 which shows
that Cg = Cg is additive.

For part (i) we note that the functors 7-': C = C : T form an adjoint equivalence satisfying
T~YS) C S and T(S) C S by (S5). Now, by Lemma 8.8 we obtain an induced adjoint equivalence
TSTI: Cs = Cg :Ts and a natural isomorphism £: Q o T = Ts o Q. Since @ is a localization, the
pair (Ts,€) is unique (up to unique isomorphism) by Remark 8.3, which proves (i).

Let us prove (ii). We call a triangle in Cg distinguished if it is isomorphic to a triangle of the
form

Q) )
(11.1) Q(X) QYY) Q%) TsQ(X)
for some triangle (f,g,h) in C. Then clearly (idg(x),0,0) is a triangle in Cs. Let X — Y be a

Q(9) ExQ(h

morphism in Cg represented by some roof X Ly &y, By (T1) for C there exists a triangle
xLy %z T(X) in C; but then we obtain an isomorphism of triangles

Q(gs) ExQ(h)

Q(X) Q(Y) QZ) ———— TsQ(X)

H Ja» H H

QX) —om— Q) —%5 (%) —gm > TsQX)-

-1
Q(s)”Q(Sf)
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Therefore, (T1) holds for Cg.

We now verify (T2). Since the condition in (T2) is invariant under isomorphisms of triangles, we
may check it for the standard distinguished triangles. So consider the distinguished triangle (11.1).
We obtain an isomorphism of triangles

QY) —H— Q(z) —— Q(T(x)) A TQ(Y)

H Jex

QYY) @ (2) ~am” TsQ(X) o) TsQ(Y),

where the top triangle is distinguished and the right rectangle commutes by naturality of £&. Thus,
(T2) is satisfied.
We now check (T3). Let f: Q(X) = Q(Y) and g: Q(Y) — Q(Z) be two morphisms in Cg and

put h = gof. Let f and g be represented by the roofs X Jo, Yo < YandY &5 74 L Z, respectively.

By (T1) we can embed fy into a distinguished triangle X = X Jo, Yo Jo, Z Jo, T(Xo). Note

that we have an isomorphism of triangles

QX)) —— Q) Q(z) =220, 1io(x)

Jaer H H

Q(Xo) TSI Q(Yo) BT Q(Zp) o TsQ(Xo)-

Q(£35)

By (S3) and (T1), the diagram Yy <~ Y 2% Z; can be completed to a commutative diagram

Y g1 Zl 91 X{ 91 T(Y)

(11.2) Sl lso LS'O J{T(S)

ZO T(YO)v

go

90 g(/)/

with sp € S, and then (S6) provides s; € S making the whole diagram commutative. Hence, the
image of (11.2) under @ is an isomorphism of triangles. Thus, we obtain an isomorphism of triangles

Q(g1t) £y Qg

QY) —L— Q(2) Qx| ), 1y
Q(S)l l@(sot) lcxs’o) JTSQ(s)
Q(Yo) e Q(Zo) W QX)) W TsQ(Yo).

(Here, the right rectangle commutes, since &y, Q(g()Q(s)) = &y, Q(90sh) = &vo (Q(T(s)g))) =
§vo QT (5)Q(91) = TsQ(s)€y Q(g7) by naturality of ¢.)
Note that h = Q(sot) tQ(ho), where hy := gofo. Hence, embedding ho in a distinguished
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’ "
ho ho

triangle Xo Lo, Zy — Y] — T(Xy), we obtain an isomorphism of triangles

Q(X) h Q(Z) Q(hé)sot) Q(YO/) €XQ(hg) TSQ(X)

Jcan H H

Q(Xo) W Q(Zo) W Q(Yy) m’ TsQ(Xo)-

Applying (T3) for C to the morphisms X Jo, Y, and Yy 2% Zy, we obtain a distinguished triangle
2520 Y 2 Xp 2%, 7(2)

in C such that the following diagram commutes:

f//
0

T

Z

T(Xo)
£ o ﬁyﬂ \<iw
N
Yy T(Y,

Yo 0)
V’ \\g[: V \\\\vo V W‘/)
\‘s
Xo Zo X(/J T(Y/X).

ho
g
0 T(£3) 9y

Now, put u = Q(ug): Q(Z§) — Q(Yy) and v := Q(s))) " 1Q(vo): Q(Y]) — Q(X}), so that we have

an isomorphism of triangles

w v TsQ(f{s)oéy Q(gy)
Q(Zh) — QYY) —Y— Q(X]) — TN, TeQ(2))

H H Joo H
!/

Z) Yy X TsQ(Z)
Q%) Gy QN0) Gy QX0) —gTeenag 1500,

where the bottom triangle is distinguished by construction. We put

Q(fos). " =¢xQ(fd),
= Q(g1), 9" =& Q(gY),
h' = Q(hysot), h" = &xQ(hy)

I
q:
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in order to simplify the notation. We then have to show that the following diagram commutes:

Q(%) TsQ(X)

V \\j\t\ﬁ w Ts(f)
/Q(Y) /Q(Yo’) \Tst
i g W g Ts(f)
Q(X) \Q(Z) ‘Qux)) \Tswa).

L S

9 Ts(f)g"

To this end, we compute

Uf/ = Q(uofys) = Q(hogos) = Q(hgsogr) = Q(hysot) o Q(H) ' Q(g1) = Mg,
"u=ExQ(hguo) = ExQ(fy) = 17,
vh' = ( 0) ' Q(vohgysot) = Q(s5) ' Q(gpsot) = Q(s6) ' Q(spgit) = Qgrt) = ¢,
Ts(/)N" =TsQ(s) ' TsQ(fo) 0 xQ(hy) = &y QT (s) ' Q(T(fo)hg)
= §YQT(3) 'Q(govo) = & Q(g7)Q(s5) ' Q(vo) = ¢"v.
Hence Cg satisfies the axiom (T3). This finishes the proof that Cg is triangulated and that @ is
exact. The uniqueness assertions are obvious from the construction.

Finally, we prove (iii). Let (D, Tp) be a triangulated category. By (ii) the functor (@Q, ) is exact,
hence by Exercise 6.2 we obtain a functor

Q*: Fun®(Cs, D) — Fun®(C, D).
To finish the proof, we need to show the following claims:

(a) An exact functor F': C — D lies in the essential image of @Q* if and only if F' inverts S.
(b) The map Hompy,4 ¢y p)(F; G) = Hompy,a ¢ p)(FQ, GQ), p— p@ is bijective for all exact
functors F,G € Fun®(Cs, D).

It is clear that every functor in the essential image of Q* inverts S. So let (F,¢): (C,T) — (D, Tp)
be an exact functor which inverts S. By the universal property of @ there exists a unique (up to
unique isomorphism) pair (F, ) consisting of a functor F': Cs — D and a natural isomorphism
p: F = F o Q. Define a natural isomorphism ¢ : FTsQ = TpFQ by the commutativity of the
following diagram:

taEas

FT TpF
(11.3) ,uTJ{~ NJTW
FQT % FTsQ % TpFQ.
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Since the map Q*: Hom(FTs, SF) = Hom(FTsQ, TpFQ) is bijective, we find a unique natural
isomorphism (: FTs < TpF such that Z/ = (Q. Using (11.3), it is now trivial to check that (F, ()
preserves distinguished triangles. This shows (a).

We finally prove (b). Let (F,(),(G,0): Cs — D be exact functors. Note that we have a
commutative diagram

Hompy,2 g p) (F, G) —— Hompy,a ¢ py (FQ, GQ)

(11.4) j j

HomFun(Cs,D) (F7 é) — HomFun(C,’D) (FQv éQ)v

hence the top arrow is injective. Let now u: F — G be a natural transformation such that pQ is
exact. Consider the following diagram of natural isomorphisms:

FOT 25 Frs@ —% T FQ

MQTJ( uTs QJ{ J{TD nQ

Here, the outher rectangle commutes by assumption and the left square commutes by naturality.
Hence, the right square commutes. Since the bottom map in (11.4) is bijective, we deduce that
Tpuo( =0ouls. Hence p is exact. O

Theorem 11.3. Let (C,T) be a triangulated category and N C C a triangulated subcategory (Def-

inition 6.6). Let Sxs be the class of morphisms f: X — Y in C such that for every distinguished
triangle X L5V — N — T(X) we have N € N.
Then:
(i) Snr is a left and right multiplicative system compatible with the triangulation.

(i1) For an exact functor F: C — D between triangulated categories we have F(N') = 0 if and only
if F' inverts the morphisms in Syr.

(#ii) Precomposition with the localization functor
Q:C —)C/./\f = CSN

induces a fully faithful embedding Fun®(C/N, D) — Fun®(C, D) with essential image consist-
ing of those exact functors F: C — D satisfying F(N) = 0.

In other words, the following universal property is satisfied: For every exact functor F': C — D
such that F(N) = 0, there exists a pair (F, ) consisting of an exact functor F: C/N — D
and an exact natural isomorphism p: F =5 FoQ; for any other such pair (F/, w'), there exists
a unique exact natural isomorphism : F < F' such that w =0Q o p.

Proof. We first prove (i). Since 0 € N, Proposition 5.3(i) shows that Sxs contains all isomorphisms,
so that (S1) is satisfied.
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Let f: X - Y and ¢g: Y — Z be two morphisms in Sy. Embed f, g and go f into distinguished
triangles X Ly sz 5 T(X),Y % Z X - T(Y)and X ez sy - T(X), respectively.
Then the octahedral axiom provides a distinguished triangle 7/ — Y’ — X’ — T(X’). Now
f.g € Sy implies Z', X’ € N. Since N is triangulated, we deduce Y’ € N, but this means

go f € Sy verifying (S2).

We now verify (S3), so let ¥’ L X 5 X' with s € Sy . By (T1) and Proposition 4.10 we have a

distinguished triangle X” 2= X 2 X’ 25 T(X"), where X" € N since s € Sy. Complete fs” to
a distinguished triangle (fs”,t,h) and consider the commutative diagram with solid arrows

" /

X// S X S X/ S T(X//)

s

" "
X' = Y 7 — T(X").

g

By Proposition 4.4 we find g making the whole diagram commute. Now X" € N implies t € Sy,
which shows that (S3) is satisfied.

In order to verify (S4), let f,g: X = Y be two morphisms in C and s: X’ — X in Su such
that fos=gos. Put h:= f — g, so that hos = 0. We need to find t € Sy with toh = 0. By

S

(T1) we may embed s in a distinguished triangle X' = X LING N T(X'). Since Home(—,Y) is
cohomological by Proposition 4.7, we obtain an exact sequence

Home (X", Y) 255 Home (X, Y) 5 Home (X, Y).

Since s*(h) = hos =0, we find ' € Hom¢(X"”,Y) with b’/ o s’ = (k') = h. By (T1) we may

complete h' to a distinguished triangle X"’ LN TSN T(X") with t € Sy because X" € N.
By Proposition 4.7(i) we have t o h’ = 0 and hence toh =t o h’ o s’ =0, which shows that (54) is
satisfied.

Axiom (S5) is immediate from the fact that A/ is a triangulated subcategory.

Finally, let us check axiom (S6). Consider a commutative diagram with solid arrows
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where s, € Syr. Then by Lemma 4.13 we can complete the diagram to a commutative diagram

x—t sy 94 szt ,7x)
s t u J{T(s)
x Ay L M xy
s’ t’ u’ lT(s/)
X f v g" A n' T(X//)
8// t’l 'LL// J/T(S//)
2

where, in particular, the third row and column are distinguished triangles. Since s,t € Sy, we have
X" Y" € N. As N is triangulated, we deduce Z” € N and hence u € Sy. Hence, axiom (S6) is
satisfied. We conclude that Syr is a left multiplicative system compatible with the triangulation.
Since N°P C C°P is a triangulated subcategory, we deduce also that Sy, is right multiplicative.

We next prove (ii), so let F': C — D be an exact functor between triangulated categories. Then
for each distinguished triangle X %Y % Z % T(X) in C the triangle

FX) 2 piyy £ p(z) — TR(X)
is distinguished. Now we have
ue Sy < ZeN, and

F(u) is invertible <= F(Z) =0 (by Proposition 5.3),

from which the claim is obvious.
Finally, (iii) is a reformulation of Theorem 11.2(iii) using (ii). O

Remark 11.4. Let (C,T) be a triangulated category.

(i) For any exact functor F': C — D we denote by Ker(F) C C the full subcategory spanned by
the objects X with F(X) = 0. Then Ker(F) is a thick triangulated subcategory.

(ii) Let A/ C C be a triangulated subcategory and denote by Q: C — C/N the associated localiza-
tion functor. Then Ker(Q) is the thick closure of N.

Proof. For part (i), note that F' is additive by Lemma 6.3. Hence if X,Y € C with X @Y € Ker(F),
then F(X)® F(Y)=F(X®Y) =0. We deduce that F(X) = F(Y) = 0, because the composite

FX) 2%, p(x @ v) £2%) F(X) is both zero and the identity.
Let us prove (ii). We already know that Ker(Q) is a thick triangulated subcategory containing
N. In order to show that Ker(Q) is contained in the thick closure of N, let X € Ker(Q). We

need to find Y € C such that X @Y € M. Note that Q(X — 0) is an isomorphism in C/N. By
Corollary 10.6(iii) we find Y € C such that X 2 T(Y) lies in Syr; in particular, Y € Ker(Q). But

note that we have a distinguished triangle Y —» X @Y — X % T(Y') by Proposition 5.3(ii). We
thus deduce X ®Y € N as desired. O
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Ezercise 11.5. Let (C,T) be a triangulated category and let A/, D C C be triangulated subcategories.
Suppose that one of the following conditions is satisfied:

(a) Every map N — D with N € A" and D € D factors through an object of NN D.
(b) Every map D — N with N € N and D € D factors through an object of N'ND.

Show that the induced functor D/N ND < C/N is fully faithful.






Chapter 4

The Derived Category and Derived Functors

§12. The derived category

Let us come back to the derived category. Recall from Example 8.5 that for an abelian category A
we defined the derived category as

D(A) = C(A)[qis™],

where qis denotes the class of quasi-isomorphisms in C(A) (cf. Definition 3.8). We similarly defined
the bounded versions D*(A), D~(.A) and D?(.A). We now want to put a triangulated structure on
D(A) using the machinery developed in the previous section.

Lemma 12.1. Let A be an abelian category. The localization Q: C(A) — D(A) factors through
K(A).

Proof. Tt suffices to prove the following statement: If f: X — Y is a morphism in C(.A) which is

null homotopic, then Q(f) = 0. By Exercise 2.14(c), f factors as X =% Mc(idx) (—Si)% Y, where

s is a null homotopy for f. By Proposition 2.13(i), the complex Mc(idx) is acyclic, that is, the
map Mc(idx) — 0 is a quasi-isomorphism. We deduce that Q(f) factors through Q(Mec(idx)) = 0,
hence is zero. O

Lemma 12.2. Let (C,T) be a triangulated category, A an abelian category, and H: C — A a
cohomological functor. Let:

e S be the class of morphisms f in C such that H(T'(f)) is an isomorphism for all i € Z.
e N CC be the full subcategory spanned by those objects N with H(T*(N)) =0 for all i € Z.
Then:

(i) N is a triangulated subcategory of C.

(i1) S = Sy. In other words: If f: X — 'Y is a morphism in C and X Ly 5N T(X) is a
distinguished triangle, then f lies in S if and only if N lies in N.

(iii) S is a left and right multiplicative system which is compatible with the triangulation.

71
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Proof. From the long exact sequence

o HTU(X)) T g7 (YY) — H(THN)) — H(TY(X)) — -

associated with a distinguished triangle X Ly sN= T(X) we make the following observations:

(a) If X, Y € NV, then N € NV.
(b) f € S ifand only if N € N.

Now, (i) follows from (a), (ii) follows from (b), and (iii) follows from (i), (ii) and Theorem 11.3(i). O
Proposition 12.3. Let A be an abelian category.

(i) qis is a left and right multiplicative system in K(A) compatible with the triangulation.
(ii) K(A)[qis™] is a triangulated category.
(iii) The induced functor D(A) = K(A)[qis '] is an equivalence of categories. In particular, D(A)
is a triangulated category, where the distinguished triangles are those which are isomorphic to
xLy- Mc(f) — X[1] for some morphism of complexes f: X =Y.

(v) We have D(A) = K(A)/K(A)acyc, where K(A)acye denotes the full subcategory of K(A) spanned
by the acyclic complexes.

Similar statements hold for D (A), D~ (A) and Db(A).

Proof. Part (i) follows from Lemma 12.2 by observing that qis = Ska,.,.. Hence, (ii) follows
from Theorem 11.2. Given (iii), part (iv) is a consequence of Theorem 11.3 using qis = Sk(4)..,.
by Lemma 12.2. It remains to prove (iii). Note first that Lemma 12.1 provides a factorization
C(A) — K(A) — D(A). Given any category &, we get a commutative diagram

Fun(D(A),&) —— Fun(K(A), &)

I

Fun(C(A),¢E).

It is easy to see that the right vertical functor is fully faithful. Hence the horizontal functor is
fully faithful, and the essential image consists of those functors which invert quasi-isomorphisms.
Hence the functor K(A) — D(A) exhibits D(A) as the localization of K(A) with respect to the
quasi-isomorphisms. O

Example 12.4. Let A be an abelian category and let 0 — A ENY;IEN C — 0 a short exact sequence
of complexes. Then there exists a morphism d: C' — A[1] in D(.A) such that

AL B oY A
is a distinguished triangle in D(A). Observe that g factors as a composition B M Mec(f) M C

as go f = 0. Now, from the long exact sequence in cohomology and the five lemma it follows that
(0, g) is a quasi-isomorphism. This implies the claim.
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Remark 12.5. For morphisms f,g: X = Y of complexes we have the following strict implications:

f=ginC(A) = f=ginK(A),
= f=gin D(A),
= H'(f) = H'(g) for all i € Z.

To see the strictness, we consider the following counter-examples:

(1)

(2)

Let X € C(A) be a non-zero complex. The identity on Mc(idx) is not zero in C(A) but
becomes zero in K(A) by Proposition 2.13(i).

Consider the complex X = [0 — Z LN A Z/2 — 0] in K(A). Since X is acyclic, the identity
on X is zero in D(.A); but it is non-zero in K(A): If X were contractible, there would exist
the dashed maps in the diagram

0 7257 -"-7/2 0

’
,
S 7
-

-

B L/t/,/// H
0 Z Z 7.)2 0

2 T

such that 2s(1) = s5(2) = 1, 2s + t7 = idz and 7t = idz/2; but this is absurd.

Consider the complexes [0 — Z 37— 0] and Z[1] in C(Ab). The map f of complexes

0 7 —2

0 Z

0

o +—N

0

is clearly zero on cohomology, but it is non-zero in D(Ab): otherwise, by Corollary 10.6(ii),
there would exist a quasi-isomorphism s: Z[1] — Y of complexes such that the composite so f
is zero in C(Ab); but this contradicts the fact that s71o f=1 = 571 % 0 (because H™1(s) # 0).

This example generalizes: We will see later (in Theorem 16.7) that for all X, Y € Aandn € Z
we have Homp( 4 (X, Y[n]) = Ext’y (X,Y).

Definition 12.6. Let A be an abelian category and X € C(A) be a complex. We define the
truncated complexes

FENX = o X2 0 Xl Ker(d?) — 0 — -],
n—+1
TZNX = [+ — 0 — Coker(d"~!) — X"+ L xm+2 ),

[
[« = X" 5 X" 5 Im(d") -0 — -],
FENX i=[-- = 0—Imd"!) - X" = X" ...,
[~ —=0—= X" X" 5.0,

[

s XL X 50— ]

The following obvious properties are satisfied:
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(a) 7SP72n X =2 HY(X)[—n] for all n € Z;

(b) We have canonical morphisms 02" 1X — X — 72"X — 727X the first two maps are
quasi-isomorphisms in degrees > n and the third is a quasi-isomorphism.

Similarly, we have canonical morphisms 7<"X — 7<"X — X — ¢="T1X, where the first
map is a quasi-isomorphism and the last two maps are quasi-isomorphisms in degrees < n.

(c) We have canonical short exact sequences

0o 75"X - X - 72"H X 50,
0—75"X = X - 72" X 0,
0—-02"X X 05" 1X 0.

By Example 12.4 these induce distinguished triangles in D(A):

SPX o X o r2nX TS”X[l],
0Z"X - X —» oS"IX 02" X 1.

Proposition 12.7. Let A be an abelian category. The functor
A — D(A), A — A[0],

is fully faithful. The essential image consists of those complezes X such that H/(X) = 0 for all
i #0.

Proof. Let A,B € A. Injectivity of the map Hom4(A, B) — Homp)(A[0], B[0]) follows from
Corollary 10.6(ii): If f: A[0] — BJ[0] is the zero map, then there exists a quasi-isomorphism
s: BJ0] — X*® such that so f =0 in C(A). But then H(so f) = H%(s) o f: A — H%(X) is zero. As
HO(s) is an isomorphism, we deduce f = 0.

To prove surjectivity, consider a morphism A[0] — B[0] in D(A) represented by a roof A[0] EN
X & BJ0], where s is a quasi-isomorphism of complexes. We have a commutative diagram

X
20X B,

T A

HY(X),

where the maps X — 72°X < HY(X) are quasi-isomorphisms. This shows that every map
A[0] — BIJ0] is represented by a morphism in A. O

Lemma 12.8. Let A be an abelian category. For x € {+, —,b} the canonical functor D*(A) < D(A)
is fully faithful and we have DT(A) N D~ (A) = D(A) inside D(A).

Moreover, the essential image of DY (A) (resp. D™ (A)) in D(A) consists of those objects X with
HY(X) =0 fori <0 (resp. i>>0).
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Proof. Observe that the obvious functor K*(A) — K(A) — D(A) inverts quasi-isomorphisms and
hence induces a well-defined functor D*(A) — D(A). In order to check fully faithfulness, we use the
criterion in Proposition 10.8 (and its dual).

If * = +, it remains to show that for every quasi-isomorphism s: X — X’ in K(A) with
X € Kt(A), there exists a map g: X’ — Y of complexes with Y € KT(A) such that go s is a
quasi-isomorphism. We fix n € Z such that H'(X) = 0 for all i < n. Since s is a quasi-isomorphism,
we also have H'(X’) = 0 for all i < n. The obvious map g: X’ — 72" X’ is a quasi-isomorphism,
hence so is gos. We deduce that DT (A) < D(A) is fully faithful and the essential image consists of
those complexes X with H{(X) = 0 for all i < 0. The same argument shows that D’(A) < D~ (A)
is fully faithful.

If x = —, then we need to show that for every quasi-isomorphism s: Y/ — Y with Y € K~ (A4)
there exists g: X — Y’ with X € K7 (A) such that s o g is a quasi-isomorphism. Fix n € Z such
that H'(Y) = 0 for all i > n. Then the obvious map g: 7<"Y’ — Y’ is a quasi-isomorphism, hence
so is s o g. Therefore, the functor D~ (A) < D(A) is fully faithful for * € {—, +}. The remaining
assertions are clear. O

Lemma 12.9. Let F: A — B be an additive functor between abelian categories. The following
statements are equivalent:

(a) F is exact.

(b) If X € C(A) is an acyclic complex, then F(X) is acyclic.

(¢c) If f: X =Y is a quasi-isomorphism in K(A), then K(F)(f) is a quasi-isomorphism in K(B).

If these conditions are satisfied, then F induces an exact functor D(F'): D(A) — D(B).

Proof. The equivalence of (a) and (b) is immediate from the definition. We now prove the equivalence
of (b) and (c). Let f: X — Y be a morphism of complexes. Note that K(F) is exact by Example 6.4.
The claim now follows from the observation that f is a quasi-isomorphism if and only if Mc(f) is
acyclic Lemma 12.2(iv). The final claim follows from (c) and the universal property of D(A). O

We will next discuss a generalization of Lemma 12.9 to general additive functors F': A — B.
Concretely, we have a diagram with solid arrows

K(A) 5 k(B)
Q.Al les
D(A) - D(B).

It is generally not true that @ o K(F') inverts quasi-isomorphisms, in which case there is no dashed
arrow making the whole diagram commute. However, in good situations there exists a universal
functor RF: D(A) — D(B), called the right derived functor of F, which “approximately” makes the
diagram commutative. We will study this phenomenon in greater generality in the next section.
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§13. Kan extensions

Definition 13.1. Let ¢: C — D be a functor and £ a category. Consider the induced functor
©*: Fun(D, &) — Fun(C, &),
Gr— ¢"(Q) = Goo.
Let F': C — &£ be a functor.

(a) We say that F' admits a left Kan extension along ¢ if the following equivalent definitions are
satisfied:
e ©* admits a (partial) left adjoint at F.

e there exists a pair (F,n) consisting of a functor F': D — £ and a natural transformation
n: F — F oy such that the composite

HomFun(D,S) (F, G) & HomFun(C,E) (F oy, Go 90) 77_> HomFun(C,S) (Fa Go 90)

is bijective for all G € Fun(D, £).
In other words, for all functors G: D — &£ and all natural transformations v: F' — G o ¢,
there exists a unique natural transformation a: ' — G such that v = apon:

In this case, we write ¢ F := F and call it the left Kan extension of F along (.

(b) We say that a functor H: & — F preserves the left Kan extension of F': C — £ along ¢ if the
natural transformation Hn: H o F' — H o o F o ¢ exhibits H o ¢ F' as the left Kan extension
of H o F along ¢; in other words, the induced natural transformation ¢y(H o F) = H o o, F
is an isomorphism.

We similarly say that F' admits a right Kan extension along ¢ if there exists a functor F:D—¢&
and a natural transformation €: F' o ¢ — F such that the composite

HomFun(D,S)(Ga F) e Hompyp(c,e) (Go %F o) =5 Hompyn(c,e) (Gowp, F)

is bijective for all G € Fun(D, £). In this case, we write ¢, F = F. A functor H: £ — F preserves
the right Kan extension of F' along ¢ if He: H o o, F o p — H o I exhibits H o ¢, F as the right
Kan extension of H o F' along ¢.

Remark 13.2. It follows from the definition of Kan extensions that, if «: F} — F5 is a natural
transformation of functors C — £ which admit a left Kan extension along ¢: C — D, then there is
a unique natural map pia: o F1 — ¢ F making the diagram

F1+>F2

m |m

prF10¢ oo oiFa 0
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commute. It follows easily that ¢y is functorial. Similarly, ¢, is functorial.

Example 13.3. A left Kan extension of a functor F': C — D along C — % is a pair (colim F,7)
consisting of a colimit of F' together with the universal cocone n: F' — constcolim - Similarly, a
right Kan extension along C — * is a limit.

Ezercise 13.4. Let F: C — D be a functor and ¢ € C. Compute the left Kan extension of
Home(c, —): C — Set along F'.

Ezxercise 13.5. Let F': C — & be a functor. Show that the assignment ¢ +— ¢ F is contravariantly
functorial in those ¢ along which F' admits a left Kan extension.

We have the following generalization of the fact that left adjoints preserve colimits:

Lemma 13.6. Left adjoints preserve left Kan extensions. Right adjoints preserve right Kan exten-
s10ms.

Proof. We only prove the statement for left adjoints. Consider a diagram

F L
c- e LyF
b
o
vy

D
of functors, where L admits a right adjoint R: F — &£. For every functor G: D — F we compute
Hom(Lyp F, G) =2 Hom(¢ F, RG) = Hom(F, RGy) = Hom(LF, Gy).
O

Definition 13.7. Let ¢: C — D and F': D — &£ be functors and suppose that the left Kan extension
¢ F: D — £ of F along ¢ exists.
(a) We say that ¢ F is absolute if it is preserved by every functor H: £ — F.
(b) We say that o F is pointwise if it is preserved by the functors Homg(—,e): & — Set®P for all
ecf.

Similarly, a right Kan extension is called absolute if it is preserved by every functor, and is called
pointwise if it is preserved by the functors Homg(e, —): &€ — Set for all e € €.

We have already seen in Section §8 a special type of absolute Kan extension along a localization
functor. More precisely, we have:

Lemma 13.8. Let Q: C — C[S™!] be a localization functor and F: C — D be any functor. The
following statements are equivalent:
(a) The functor F sends morphisms in S to isomorphisms in D.

(b) There exists a functor F: C[S™Y — D and a natural isomorphism n: F == FQ, and any such
pair (F,n) is an absolute left Kan extension of F along Q.

(¢) There exists a functor F: C[S™'] — D and a natural isomorphism e: FQ = F, and any such
pair (F,€) is an absolute right Kan extension of F along Q.



78 Chapter 4. The Derived Category and Derived Functors

Proof. We only prove the equivalence of (a) and (b). The equivalence of (a) and (c) is simi-
lar. The implication “(b) = (a)” is obvious. Conversely, suppose that F inverts S. Since
Q*: Fun(C[S™1],D) < Fun(C,D) is fully faithful and F lies in the essential image, there exists
a natural isomorphism n: F = FQ. Now, for all functors H: D — £ and G: C[S™!] — &, the
composite

— Q* . *
Hompyy cis—11,6) (HF, G) — Hompuy(c,e) (HFQ, GQ) % Hompyyc,e) (HF, GQ)

is an isomorphism, which shows that Hn exhibits HF as a left Kan extension of HF along Q.
Hence, F' is absolute. [

Proposition 13.9. Let Q: C — C[S™!] be a localization functor. An object Y € C is called S-local
if for all morphisms s: X — X' in S the induced map Home (X', Y) = Home(X,Y) is bijective.
Suppose that the following condition is satisfied:

(*) For every X € C there exists a map f: X =Y such that'Y is S-local and Q(f) is invertible
in C[S™1].

Then:

(i) If Y € C is S-local, then for all X € C the map
Home(X,Y) = Home[s-1)(Q(X), Q(Y))

induced by @Q is bijective.

(ii) Q is a Bousfield localization. More precisely, Q admits a fully faithful right adjoint C[S™'] — C
whose essential image is spanned by the S-local objects.

Proof. We first prove (i). Note that also Q°P: C°P — C[S™1]|°P is a localization functor. For every
functor G': C[S™!]°P — Set the Yoneda lemma provides isomorphisms

HomFun(CUP,Set) (HOI’HC(—7 Y)7 GQ) = GQ(Y) = HomFun(C[S_l]"f’}Set) (HomC[S_l] (*7 Q(Y))v G)v

which shows that 7: Home(—,Y) — Homejg-1(Q(—), Q(Y)) exhibits Homejg-1)(—, Q(Y')) as the
left Kan extension of Hom¢(—,Y") along Q°P. But Home(—,Y") inverts the morphisms in S and
hence Lemma 13.8 shows that 7 is an isomorphism.

For part (ii), let C'°® C C be the full subcategory spanned by the S-local objects. Then (i) shows
that the restriction

Q| proe: € C[S7Y]

is fully faithful. By (x), it is also essentially surjective, hence an equivalence of categories. Now the
composite C[S™1] =% C'°° C C defines a fully faithful right adjoint of Q. O

The following result gives a powerful criterion for the existence of absolute Kan extensions:

Proposition 13.10. Let p: C = D 9 be an adjunction and denote by n: ide — Y and €: pip —
idp the unit and counit, respectively.
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(i) For every functor F: C — £, the natural transformation Fn: F — F1 o ¢ exhibits Fi as the
left Kan extension of F' along . Moreover, o1 F = F is absolute and in particular pointwise.

(ii) For every functor G: D — &, the natural transformation Ge: Gy o) — G exhibits G as
the right Kan extension of G along ¥. Moreover, ¥,G = Gy is absolute and in particular
pointwise.

Proof. We only prove (i), because the other statement is analogous. The adjunction ¢ - v induces
an adjunction

¥*: Fun(C, &) & Fun(D, &) :¢*.

Indeed, the natural transformations nj: F RN Fyp = p**(F) (where F € Fun(C,€)) and

e& Yo (G) = Gy < a (where G € Fun(D, £)) clearly satisfy the triangle identities.
For every functor H: & — F the diagram

o
Fun(C, &) —— Fun(D, €)

©
.| 2
v
Fun(C, F) ——= Fun(D, F)
©

is commutative. This implies that the Kan extensions are absolute. O

Corollary 13.11. Let ¢: C = D be an equivalence of categories. Then every functor F: C — &
admits an (absolute) left (resp. right) Kan extension along ¢ given by oF = Fo~! (resp. p. F =

Fp=1).

Proof. Note that ¢! is left and right adjoint to ¢ (by Observation 7.1 and its dual). Hence the
claim follows from Proposition 13.10. [
Ezxercise 13.12. Show that a functor F': C — D admits a right adjoint if and only if the left Kan
extension Fi(id¢): D — C exists and is absolute.

It turns out that the only Kan extensions of interest are the pointwise ones. The next result
shows that there is an explicit formula to compute pointwise Kan extensions and that every Kan
extension is pointwise if £ admits enough (co)limits.

As a preparation we recall the following simple lemma:

Lemma 13.13. Let C be a category and F € P(C) := Fun(C°P, Set) a presheaf. We denote by
C/r = C xXpe) P(C)/r

the category of pairs (c,x), where ¢ € C and © € F(c) (equivalently, x corresponds to a map
Ten: Hom(—,c¢) = F by the Yoneda lemma).
Then the canonical map

colim Home(—,¢) = F
(e.f)EC/p

s an isomorphism.
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Similarly, for every F' € Fun(C, Set) the canonical map

colim Home(c,—) = F
(e,f)e(C/r)oP

s an isomorphism.
Proof. The second claim follows from the first by replacing C by C°P and observing that C?? = (Cp)°P.

A morphism (c,z) — (¢/,2") in C;p is a map h: ¢ — ¢’ making the diagram

Home(—, ¢)

J

Home(—, ¢)
commute. Hence the map in question is well-defined. It remains to see that for each A € C the map

colim Home¢ (A4, ¢) — F(A), g Tez(9) = F(g)(x).
(c,x)EC/ R
is bijective.

Observe that 74 ,(ida) = « for every x € F(A). Hence surjectivity is clear. For injectivity,
let g; € Home(A,¢;) for i = 1,2 (viewed as an element of the colimit at (c;,z;) € C/p), such
that the images of g1 and g2 in F(A) agree, i.e., T¢, 5,(91) = Tep.w,(92) = y. We have morphisms
gi: (A,y) — (ci, ;) in C/p, and hence [g1, (c1,21)] = [ida, (4,y)] = [g2, (c2,22)] in the colimit as
desired. O

Proposition 13.14. Let ¢: C — D and F': C — & be functors.

(i) The left Kan extension o\ F: D — £ of F along ¢ exists and is pointwise if and only if for all
d € D the colimit of ¢/d > C s & exists. In this case, the natural map

colim(p/d = C RN E) = o F(d)

is an isomorphism for all d € D.
(i) The right Kan extension @ F: D — & of F along ¢ exists and is pointwise if and only if for
all d € D the limit of d/¢ oL € exists. In this case, the natural map

e F(d) = lim(d/e & ¢ 5 €)
is an isomorphism.

Proof. We only prove (ii). Statement (i) then follows by passing to opposite categories everywhere
(and using Fun(C°P, D°P) = Fun(C, D)°P).

Fix d € D. The category d/¢ = Dg; xp C is the category with objects the pairs (c, f), where
c€Cand f:d— p(c) is a morphism in D; a morphism (¢, f) — (¢, f') consists of a map g: ¢ = ¢
in C such that f' = ¢(g) o f. The functor ¢: d/p — C is given by t(c, f) = c.
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Observe that d/¢ = C/tom(d,p(_)) canonically. Lemma 13.13 shows that the natural transforma-
tion

13.1 colim  Home¢(c, —) = Homp(d, p(—
(13.1) o (c,-) (d, (=)
of functors C — Set is an isomorphism.
Suppose first that the right Kan extension (¢.F, (p.F)p = F) exists. For every e € £ we
compute

Homg (6, <)0*F(d)) = HomFun(’D,Set) (HOHID(d, _)a Homg (6, QO*F(_))) (Yoneda)
— Hompyp (e set) (HomD (d,p(=)), Homg (e, F(_)))
= Hompyn(c,Set) ((C f():ggir/[ia)op Home (e, —), Homg (e, F(_))) (by (13.1))

~  lim Hompgy, Home(c, —), Homg(e, F'(—
o Fun(c,ser) (Home (¢, —) e, F(-)))

2  lim Homgl(e, F(c Yoneda
i Home (e, F(©) (Yoneda)

=~ Hom, (67 lim F(c )
& fity, T
Again by the Yoneda lemma, we obtain a map ¢, F'(d) — lim( fyeq/, F'(c), and the construction
shows that it is an isomorphism if and only if ¢, F' is pointwise.

Conversely, suppose that the limit F(d) := @(d/@ Leh E) existsforalldeD. If §: d = d’

is a morphism in D, we obtain a functor 6*: d'/¢ — d/¢ given by (¢, f') — (¢, f'0). Observe that
for all e € £ and (¢, f') € d'/p the diagram

Homg (e, F(d)) HOm fun(d /g, set) (cOnste, Ft) ey Homg (e, F(c'))
F(6)« l&*

Homg (e, F(d')) === Hompyn(a' /¢ set) (conste, F't5) 7 Homg (e, F(c'))

commutes. By the Yoneda lemma, we deduce that the left triangle

— PT(c,
(c,f)

F(d) F(d)

_ N \
F(9) PI(c,f/5) PT(c,0(h) f) F(h)

N N
/ /
T Fl@) F()
commutes for all §: d — d" and (¢, f') € d'/p, whereas the right triangle commutes by the definition
of I as a limit, for all (¢, f) € d/p and h: ¢ — ¢/ in C. In particular, F': D — & defines a functor
and the projection map fic = pr(ciq,,.): £¢(c) = F(c) is natural in c.
Now, for every functor G: D — &£ we need to show that the composite

(13.2) Hompun(pyg)(G,F) RN HOmFun(c’g)(GQO7FQD) i)HomFun(C’g)(Ggo,F)

is bijective. We first show injectivity. A natural transformation a: G — F consists of a map
ag.c r: G(d) = F(c) for every d € D and (c, f) € d/¢ satisfying the following conditions:
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(a) for all maps §: d — d" and (¢, f') € d’' /¢ the diagram

G(d) =% F(o)

cx&l ///§;1f

G(d)
commutes;
(b) for all d € D, all (¢, f) € d/¢ and all maps h: ¢ — ¢ in C the diagram

Qd,c,f

G(d) —=—=— F(c)

\ F(h)
QXd, e’ o(h) f

F(c)
cominmutes.

Indeed, the condition (b) shows that the o . s, for varying (c, f), assemble into a map aq: G(d) —
F'(d) such that ag,c ; = pr., ;) oaq. Then the condition in (a) shows that the ag are natural in d.

By (a) the diagram

G(d) 22205 F(e)
) Qe

G( /
)sesidy (o)
Geo(c)

commutes for all (¢, f) € d/p. Hence, « is determined by (ozw(c)’c’idw(c))c. By construction, the map
(13.2) sends « to the natural transformation (v (c) e id, ., )e, Which shows that (13.2) is injective.

We now prove surjectivity: Let 3: G¢ — F be a natural transformation of functors C — £. For
every d € D and (c, f) € d/y we put

Qg r = PBc.oG(f): G(d) = F(c).

We need to check conditions (a) and (b). So let 6: d — d’ be a map in D and (c, f') € d’/p. Then

we have a commutative diagram
G(d) d,c,f's
\G(f’é)
Golc

%(f’)

) —— F(c)
G(d)

Ocdlﬁc,f/
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which verifies (a). Finally, let d € D, (¢, f) € d/p and h: ¢ — ¢’ in C. Then the diagram

AXd,c, f

S
@) - Goe) — 2 F(e)

H lc:sa(m JF(h)

Go(d) —2— F(¢),

Gld) ——
L G(e(h)f) 5

el o (h) f
commutes, which verifies condition (b). It follows that (13.2) is surjective, hence bijective. O

Corollary 13.15. Let p: C — D be a functor such that C is small (and D is locally small). Let
E be a complete (resp. cocomplete) category. Then every functor admits a right (resp. left) Kan
extension along p, which is pointwise.

The following result explains why Kan extensions are called “extensions”:

Corollary 13.16. Let ¢: C — D be a fully faithful functor. Let F': C — & be a functor and suppose
that the left Kan extension o\ F: D — & exists and is pointwise. Then the unit n: F = o1 F o ¢ is
an isomorphism of functors C — £.

Proof. By Proposition 13.14 we have a canonical isomorphism
©1F(p(c)) = colim(p/p(c) = C EiN £)

and ne: F(c) = colim( ,(c)—p(e)) F(¢') is given by the canonical map corresponding to the element
(c,idy(c)) € @/¢(c), which is a terminal object because ¢ is fully faithful. Hence 7. is an isomorphism.
O

Proposition 13.17. Consider the following diagram of functors

Suppose that the left Kan extension of F' along v exists and is exhibited by the natural transformation
n: F = Y Fot. Then the left Kan extension of ¥\ F along ¢ exists if and only if the left Kan
extension of F along @ exists, and in this case the canonical map (YW F = oi(WiF) is an
isomorphism. More precisely:

(a) If v: Y F — F o @ exhibits F: D — & as the left Kan extension of Y\ F along o, then
F (O F)ot) ﬁ—)?osm/)

exhibits F as the left Kan extension of F along pi.
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(b) If &: F — F o i exhibits F: D — £ as the left Kan extension of F along v, then there
exists a unique natural transformation v: ¢\ F — F o ¢ satisfying & = vip on, which exhibits
F as the left Kan extension of Y F along ¢.

The analogous result for right Kan extensions also holds.

Proof. Note that we have a commutative diagram of natural isomorphisms

HomFun(C,S) ('(/J!Fa G(P)

~ T \

HomFun(D,E) (F7 G) 77777777777777777 ~TTTTTTTTTTTTTTTT 4 HomFun(B,E) (F7 wa)

where the right oblique arrow is induced by 7.
In case (a) the left oblique arrow is induced by v, and hence the composite is induced by v o 7.
In case (b) the horizontal arrow is induced by &. The left oblique isomorphism is then induced
by the image of id, i.e., the preimage of £: F' — Fpp, in Hompyyc,e) (Y1 F, F'o). But by definition
of Yy F, this is the unique map v: ¢y F — F such that vy on = €. O

§14. Kan extensions in triangulated categories
Proposition 14.1. Let (Q,€): (C,T¢) — (D,Tp) and (F,u): (C,T¢) — (£,Te) be functors of
categories with translation, where £: QTe = TpQ and p: Fle = Te¢F are natural isomorphisms.
Suppose that the left Kan extension of F' along Q) exists.

Then there exists a unique natural isomorphism v: (Q\F)Tp = Te(Q\F) such that (Q\F,v) is
a left adjoint object of (F, ) under the functor

Q*: Fun((D, Tp), (€, Tg)) — Fun((C, Te), (€, Tg))

In other words: Let n: F — (Q1F)Q be the natural transformation exhibiting Q|F as the left
Kan extension of F along Q. Then:

(i) There exists a unique natural isomorphism v: (QF)Tp = Te(QF) such that

n: (F,,u) - (Q!F7V)O (Qag)

is a natural transformation of functors with translation.

(i) For every functor (G,p): (D,Tp) — (€,Ts) the natural map

Hom ((Q\F,v), (G, p)) = Hom((F, p), (G, p) o (Q,£))

induced by n is bijective.

A similar result holds for right Kan extensions.
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Proof. We first prove (i). Unraveling the definitions, we need to show that there exists a unique
isomorphism v: (Q\F)Tp = Te(@Q\F) making the following diagram commutative:

FT, - TeF

nTcJ( J{Ts n

(@F)QTe 5ot (QF)TpQ — o Te(QF)Q.

This statement follows from the claim that the composite

vF)f

(14.1) FTe 5 (QiF)QTe 25 (QF)TpQ

exhibits (Q1F)Tp as the left Kan extension of F'T¢ along ). We consider the following diagram

¥ i\
SN

______ QP Tp=Qi(FT¢)

By Observation 7.1 the functor Tp is right adjoint to Tp', so the unit ap: idp = TpTpH* and
counit BpT, Ty =5 idp are isomorphisms. Similarly, for T, ! 4 T¢ with unit ac. We consider the
following commutative diagram

1Foa _
F ! (QF)Q — 25228 (QUF)Tp o T5'Q
(142) F&cl l(Q!F)QaC l(Q!F)TD§,
—1 —1
FTeoTy W (QF)QTCT, W (QF)TpoQT, ",
where £': T, Q QTC is defined as the mate of £, so that the diagram

Qo _ 5T71 _
< QTT,! < TpQT;

Q
aDQJ aDQTcT’IJ( aDTDQT’ll \

TpT, Q 4) TpT, QTCT_ — IpTp, TDQT —1> TDQT_
L TpTy ' Qac TpTy €T, TpfppQT, j
Tpt'

commutes.

The upper-right circuit in (14.2) shows that (QF)Tp is the left Kan extension of F' along QT *
(combine Proposition 13.17 and Proposition 13.10 (and also Exercise 13.5)). The lower-right circuit
then shows that this left Kan extension is exhibited by the natural transformation

1 [(@QF)gonTe]T
—_ e

F L FTeT; (QUF)Tp o QT .
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Again by Proposition 13.17 we deduce that (14.1) exhibits (Q1F)Tp as the left Kan extension of
FTe along Q. This finishes the proof of (i).

We now prove (ii). By (i) we have a commutative diagram

HOIH((QIF, V)7 (G’p)) B Hom((F, M)’ (va) o (Qa§)>

| |

Hom(QF,G) —————— Hom(F,G o Q).

We immediately deduce that the top horizontal map is injective. We now prove surjectivity, so let
a € Hom((F, ), (G, p) o (Q,€)). Since the bottom map is surjective, there exists 8: Qi F' — G such
that a = BQ on. Since « is compatible with the translations, we deduce that the outer diagram

FTe £ TeF
nTc lTsn
(QF)E vQ
aTe| (QF)QTe —= (QF)TpQ —— Te(QF)Q |Tea
BQTCl lﬁTDQ lTsﬁQ

is commutative. Now the top rectangle commutes by (i) and the lower left square commutes by

naturality. Again by the proof of (i) the composite F'T¢ LELN (W F)QTe % (W F)TpQ exhibits
(Q\F)Tp as the left Kan extension of FT¢ along @, i.e., the map

HOIII((QIF)TD7 TgG) = HOIII(FTC7 TgGQ)

is an isomorphism. But under this map both T¢Bov and po fTp are sent to the same natural trans-
formation FTyz — TeGQ, hence they are equal. But this shows that 3 lies in Hom((Q\F,v), (G, p))
as desired. 0

Definition 14.2. Let (C,T) be a triangulated category and let A" C C be a triangulated subcategory.
Denote (Q,€): (C,T) — (C/N,T") the localization functor. Let (F,u): (C,T) — (D, S) be an exact
functor.

(a) A left Kan extension Q1F: C/N — D of F along Q is called exact if (Q\F, i) is exact, where
w:QF oT' = S o @ F is the natural isomorphism from Proposition 14.1.
(b) A right Kan extension Q.F: C/N — D of F along Q is called exact if (Q.F,p") is exact,

~

where p”: Q.F oT' =5 S o Q. F is the natural isomorphism from Proposition 14.1.

Remark 14.3. Suppose that (Q,€): (C,T) — (C/N,T") is alocalization and (F, ): (C,T) — (D, S)
is an exact functor such that the left Kan extension Q\F: C/N — D is absolute.

Deligne proves in [Del06, Proposition 1.2.2(ii)] that the functor (Q\F,v) is exact, where v is the
natural isomorphism from Proposition 14.1. An accessible explanation can also be found at [GVu],
but the proof is outside the scope of this lecture.
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Definition 14.4. Let F': A — B be an additive functor of abelian categories. Let * € {&, +, —, b}
and denote by Q_4: K*(A) — D*(A) and Qg: K(B) — D(B) the localization functors at the quasi-

isomorphisms.

K*(A4) L K(B)
QAl Z lczg
D*(A) --:-- » D(B).
Then an exact absolute left Kan extension
RF == Q(Qs o KF): D*(A) — D(B)

(if it exists) is called the right derived functor of F. Note that RF comes with an exact natural
transformation 7: @z o KF — RF o ) 4 and satisfies the following universal property: For all exact
functors (G, p): D*(A) — D(B) and natural transformations ¢: Qg o KF — G o Q 4 there exists a
unique natural transformation £: RF — G such that { = £Q 4 o n:

QsKF —15 RF o Q4 RF
C\) EQA 13!5
GoQq G.

We denote by R'F (for i € Z) the composition

A< D*(A) 2 pB) 1 B,

and call it the i-th right derived functor of F.

Example 14.5. Let F': A — B be an exact functor of abelian categories. Then the right derived
functor RF': D(A) — D(B) exists and is given by applying F' componentwise to a complex. This
follows from Lemma 12.9 and Lemma 13.8.

Remark 14.6 (Relation to universal d-functors). Let F: A — B be a (left exact) functor and let
RF: D*(A) — D(B) be the right derived functor of F'.

For every short exact sequence 0 — A 1B % ¢ = 0 we obtain a distinguished triangle
Ny NN AJ1] and hence a long exact sequence

-y ROF(A) Y, pop(g) B9 popo

50

[» R'F(4) D gipB) Y Ripe)

[» R2F(A) —— ~5--

which is visibly natural in the short exact sequence 0 — A — B — C — 0. Hence, ({R*F};,{6°};)
defines a d-functor. Moreover, the natural transformation 7: QgKF — RFQ 4 induces a natural
transformation n': F — ROF of functors A — B.
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At this point, we may ask whether it is true that ({RF};,{6%};) is universal. It seems that this
question cannot be resolved from the general theory alone. We will next prove a criterion for the
existence of right derived functors, which allows us to give an affirmative answer.

Remark 14.7. Let RF: D*(A) — D(B) be the right derived functor of an additive functor
F: A — B between abelian categories. Then

(i) R'F =0 for all i < 0.

(ii) RF: A — B is left exact.

Proof. (ii) follows from (i) and the long exact sequence. For the proof of (i) we start with a general
fact about colimits:

Step 1: Every right adjoint functor R: J — Z is cofinal, i.e., for every functor F': T — C the
colimit colim F' exist if and only if colim F'R exists and in this case the canonical map

colim(J LN C’) = colim(I £, C)

is an isomorphism.

Let pr: Z — x and py: J — * be the projections and denote by L: Z — J the left adjoint of
R. For any c € C, viewed as a functor * — C we have that cpsL = cpz and cpy = cps LR are the
constant functors with value c. We have a commutative diagram

Hompyy(z ) (F, cpg L) —— Hompuy(z.c)(FR,cpr)

Hompyn(z,¢) (F, cpz) —r, Hompyn(7,c)(FR, cpyr)

Home (colim F, ¢) --------= > Home (colim FR, ¢),

where the top horizontal map is an isomorphism by the adjunction. Hence the middle horizontal
map is an isomorphism, which proves the claim.

Step 2: Denote by K=%(A) C K*(A) and D=°(A) C D*(A) the full subcategories spanned by
the complexes X with HY(X) = 0 for all i < 0, and let Q=°: KZ%(A) — DZ°(A) be the functor
induced by Q. For every X € DZ%(A) the inclusion functor

Q=/X — Q/X
is a right adjoint and hence cofinal by Step 1. Note that every map f: Q(Y) — X factors uniquely
as a composite Q(Y) — 72°Q(Y) = Q=°(r2Y) EiN X, and hence one easily checks that the left
adjoint is given by sending (Y, f) — (7Y, f').

Step 3: We now prove the claim. Note that RF': D*(A) — D(B) is the absolute left Kan
extension of Qp o KF along Q4. Hence, for any i < 0, H* o RF is the left Kan extension of H'KF
along Q4. Note that H'RF is again absolute and in particular pointwise. By Proposition 13.14 and
Steps 1 and 2 we compute, for all X € DZ°(A),

H'RF(X) = colim H'KF(Y) <~ colim H'K="F(Z) =0.
Ye/X ZeQ20/X
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§15. Existence of derived functors

We start with a general existence criterion.

Theorem 15.1. Let (C,T) be a triangulated category and N C C a triangulated subcategory, and
denote by Q: C — C/N the localization functor. Let F: C — D be an exact functor and suppose
that there exists a full triangulated subcategory v: L — C satisfying the following conditions:

e For every X € C there exists a map s: X — (Y in Sy with'Y € L (that is, there exists a
distinguished triangle X 1Y — N — T(X) with N € N).

e We have F(Y) =0 forallY € LNN.

Then there exists an exact, absolute left Kan extension Q\F: C/N — D of F along Q. Moreover,
for every Y € L the canonical map

F(Y) = QF(QY)
s an isomorphism.

Proof. Let v: L < C be the inclusion and put N/ := LN N. Observe that the induced func-
tor j: L/N' = C/N is an equivalence of categories by Corollary 10.9. Consider the following
commutative diagram:

For every (not necessarily exact) functor G: C/N — D we have the following natural maps

Hom(F,GQ) 0N Hom(Fit, GQv) =2 Hom(Ft, GjQr)
= Hom(Qri(Ft), Gj) = Hom (Qp(Fu)j 71, G).

We claim that +* is bijective. Once this is proven, it follows that Qi (¢F)j~: C/N — D is the left
Kan extension of F' along (). Since the outer diagram commutes, we compute

FY) =Qa(F)Qc(Y) = Qu(Fu)i 'jQc(Y) = QF(QLY),

for every Y € L, which implies the last assertion of the theorem. It follows from Lemma 13.8 and
Theorem 11.2 that Q.1(F't), hence also Q| F, is absolute and exact.

It remains to prove that ¢*: Hom(F,GQ) — Hom(F, GQ¢) is bijective. Note that the functor
H = GQ: C — D has the following property: For all X € C there exists a map s: X — /Y in Sy
with Y € £ such that:

(a) H(s) is an isomorphism, and
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(b) Forallmapst: X — Y’ with Y’ € £ (not necessarily in Syr) there exist maps Y Lyrsy
in £ such that Hu(s') is an isomorphism and the diagram

X =Y

L

Y —— Y
LS

commutes.

Indeed, for (a) this is obvious. Let us verify (b). By Theorem 11.3(i) and (S3) we can complete the

. t .
diagram (Y’ <~ X 3 .Y to a commutative square

X 25y

|

LYIT>Z

with 5 € Sy. By assumption, we find a map 5': Z — Y" in Sy with Y € L. Since ¢ is fully
faithful, there exist unique maps s': Y/ — Y” and ¢': Y — Y” such that i(s') = s'5 and Wt = s't
as desired.

We first prove that *: Hom(F, H) — Hom(Ft, Ht) is injective. To this end, let o, 8: F — H be
natural transformations such that ar = 5¢. Let now X € C be fixed but arbitrary. By assumption
we find a map s: X — /Y in Sy with Y € £ such that H(s) is an isomorphism. We calculate

H(s)ax = a,yF(s) = B,y F(s) = H(s)Bx.

As H(s) is an isomorphism, we deduce ax = Sx. Since X was arbitrary, it follows that o = .
We now prove that * is surjective. Let a: F't — Ht be a natural transformation. We define a
new natural transformation 5: F' — H as follows: For every X € C we choose a map s: X — (Y
in Sy with Y € £ and define Bx == H(s) tay F(s): F(X) — H(X). We need to check that Bx is
independent of the choice of s and defines a natural transformation. Let ¢t: X — Y’ be any map

’
S

and choose Y 5 Y <~ Y" as in (b). Consider the following diagram:

FY) —2— H(Y)
F(t) F(ut) J{H(Lt/) H(t)
FY") = H(Y")

F(V H(ws")

F(Y') H(Y').

Qyr

Since every small quadrilateral commutes and H(¢s’) is an isomorphism, we deduce that the outer
square commutes. In particular, Sx does not depend on the choice of s. Let now f: X —+ X’ be a
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morphism in C. Choose maps s: X — Y and t: X’ — /Y’ in Sy with Y, Y’ € £. By (b) we find

maps Y Ly & Y’ in £ such that s’ o tf =t' o s. Consider the diagram

F(X) Fx) 29 py)

Bxl lﬁxr loéw

! ~ !

F(f)
—

where the outer diagram and the right square commute by what we have shown above. Since H (t) is
an isomorphism, it follows that the left square commutes, i.e., 8: F' — H is a natural transformation
such that St = . Hence ¢* is surjective. This finishes the proof. [

Theorem 15.2. Let F': A — B be an additive functor of abelian categories. Suppose there is a full
subcategory L C A satisfying the following properties:

(a) For every X € A there exists an injection X — L into some L € L.

(b) Let 0 = L - A — B — 0 be a short exact sequence with L € L. Then we have A € L if and
only if B € L.

Then:

(i) Every complex X € KT (A) admits a quasi-isomorphism X — L into a complez L € KT (L).
(i) Suppose that the following condition is satisfied:

(¢) For all short exact sequences 0 — L' — L — L" — 0 with L', L,L" € L, the induced
sequence 0 — F(L') — F(L) — F(L") — 0 is exact.

The right derived functor RF: DY (A) — D(B) exists and can be computed as
RF(Qa(X)) = QsKF(L),

where X — L is any quasi-isomorphism with L € KT(L).

Proof. Let X € KT (A) and fix g with X = 0 for all i < ip. Put L = 0 for all i < iy. Assume now
that for some n € Z we have constructed a morphism of complexes

n—2 n—1
oy xn—2 O oxyn—1 90X oy L

X: ..
fJ/ fn—2J/ J/fn—l
Lnfl

L=n: R L2 n—2
dr, d,

satisfying the following property

(%) The induced morphism H?*(X) — H*(L<") is an isomorphism for i < n—2 and a monomorphism
fori=n—1.
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We now define M"™ and N™ in A by the following pushout squares:

Coker(d% %) —— Ker(d) — X"

[

Coker(d}~?) M N™.

Note that, since Ker(d%) < X" is monic, Proposition 3.10 shows that the right square is also
a pullback and M™ — N™ is monic. Choose a monomorphism N” — L™ with L™ € £ and let
dz_ls L1 = L™ and f*: X™ — L™ be the obvious maps. From the construction it is clear that
f”d}f1 = dzflf"’l. Hence, we obtain a morphism X — L=" of complexes, and it remains to
check that the property (#,41) is satisfied. Consider the commutative diagram

0 —— H*1(X) —— Coker(d’2) —2 Ker(d%) — H"(X) — 0

I | - |

0 — Ker(d}) — Coker(d}?) —— M" H*(X) —— 0.
L

The top row is exact by construction. For the exactness of the bottom row, we note that Propo-
sition 3.10 shows that H"(X) = Coker(dy) = Coker(d}) is an isomorphism. Note also that
H"~1(X) = Ker(d}) is an isomorphism. It is epic by Proposition 3.10, and it is monic by the
assumption that H*~1(X) — H?~!(L<") is monic.

As M™ — L™ is a monomorphism, we finally conclude that H*~1(X) = H""!(L=") is an
isomorphism and H"(X) < H"(L=") is monic. This finishes the induction step and hence part (i).

We now prove (ii). By (b), £ is closed under direct sums. Therefore, K¥(£) C KT(A) is a
triangulated subcategory. Let now L € KT(£) be an acyclic complex. Thus, L decomposes into

short exact sequences 0 — Ker(d}) — L" i, Ker(d7™') — 0 for n € Z. As L is bounded below,
repeated application of (b) shows that each Ker(d}) lies in £, and hence by (c), the sequences
0 — F(Ker(d})) — F(L") — F(Ker(d}™)) — 0 are exact for all n € Z. It follows that F(L) is
acyclic. Now the assertion follows from Theorem 15.1. O

Remark 15.3. In the context of Theorem 15.2, it follows directly from the computation of RF in
(ii) that R‘F = 0 for all i < 0 and that the objects L € £ are F-acyclic, that is, R‘F(L) = 0 for all
i > 0. Consequently, the é-functor ({R*F};,{6'};) is effaceable and hence universal.

Example 15.4. Let F': A — B be a left exact functor and suppose that A has enough injectives.
Then every short exact sequence 0 - I - A — B — 0 in A with [ injective splits; taking £ to be
the full subcategory of injective objects, it follows easily that the hypotheses of Theorem 15.2 are
satisfied. Hence, the derived functor RF': D*(A) — D(B) exists and is computed by RF(X) = F(I*)
for every X € A, where X — I°® is an injective resolution. This recovers the classical definition of
derived functors.

Ezxercise 15.5. Let X be a topological space and consider the global sections functor

I'(X,—): Shv(X,Ab) — Ab.
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Let £ C Shv(X, Ab) be the full subcategory of flabby sheaves, that is, sheaves F such that for all
open subsets U C V C X the restriction map F (V) —» F(U) is surjective.

Show that L satisfies the hypotheses of Theorem 15.2 and deduce that the right derived functor
RI(X, —): D*(Shv(X,Ab)) — D(Ab) exists. The higher derived functor H"(X, —) := H"RI'(X, —)
is the usual n-th sheaf cohomology.

In the case of enough injectives, Theorem 15.2 allows the following simplification:

Theorem 15.6. Let A be an abelian category with enough injectives, and denote T C A the full
subcategory of injective objects. Then

(i) The functor Q: K*(A) — DT(A) is a Bousfield localization. More precisely, the restriction
Q|K+(I): KT (Z) = DT (A) is an equivalence of triangulated categories. We denote by

i: DT(A) = KT(Z) CKt(A)
a right adjoint of Q which factors through K¥(Z).
(i) The unit n: idg+ 4y — iQ gives functorial injective resolutions: For every X € Kt (A) the
map Nx: X — 1Q(X) is a quasi-isomorphism into a complex of injectives.

(iii) Let F: A — B be an additive functor of abelian categories. Then the right derived functor RF
is computed as the composition

o, gy 22 p(p).

DT (A) = KT ()
Proof. Since A has enough injectives and KT (Z) clearly satisfies the hypotheses of Theorem 15.2, we
deduce that for every X € K*(A) there exists a quasi-isomorphism X — I with I € K*(Z). We need
to show that every object I € KT(Z) is local with respect to quasi-isomorphisms. Then (i) follows
from Proposition 13.9. Alternatively, we can apply Corollary 10.9 to the subcategory D = K+ (Z).
Since qis N K*(Z) consists of isomorphisms, we deduce that K*(Z) = K*(Z)ys = DT (A) is an
equivalence of categories. Part (iii) follows from (the proof of) Theorem 15.1 or Proposition 13.10.
Since Homg+(4)(—, I) is a cohomological functor by Proposition 4.7, we see that I € K*(Z) is
local if and only if

HOIIlK+(A)(X, =0

for every acyclic complex X € K*(A). We even prove this in the case where X is unbounded. So
let f: X — I be a map of complexes, where X is acyclic. We need to show that f is null homotopic,
which is a standard exercise. Fix ig such that I = 0 for all i < i5. We construct a homotopy
{s': X* — I'71}, inductively as follows: For i < ig we put s := 0. Suppose that for some n we
have constructed maps {s'};<,, such that

(15.1) Fil = sidiz! 4 dim2si

for all ¢ < n,
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Now, we compute

(fn _ d}zflsn) ° dT)L(fl _ fnd’r)L(fl _ d}l7187ld}71 _ dr[zflfn—l _ d}zflsnd§71

=di o (frt =) = di T edy s = 0. (by (15.1).

d’ B .
As X is exact at X", we deduce that " — d7 's™ factors as X" —% Im(d%) > I". As I" is

n+1
injective, we can factor 5 as a composite Im(d%) < X"*! 2 "1, By construction we have
fr=s"tdn + d}“lS”7 which finishes the induction step. Therefore, f is null homotopic. O

Remark 15.7. Let A be an abelian category and I € K¥(A) be a complex of injectives and
X € K(A). The proof of Theorem 15.6(i) shows that I is qis-local and then Proposition 13.9(i)
shows that the map

Homy 4y (X, I) = Homp4)(QX, QT)
is an isomorphism.

Up until now we have only proved the existence of derived functors in the bounded case. In order
to obtain a criterion for unbounded derived functors, we either need to put stronger hypotheses on
the functor or on the category. We will explore the first case now and postpone the latter case to
Theorem 17.11.

Theorem 15.8. Let A be an abelian category and let L C A be a full subcategory satisfying
conditions (a) and (b) of Theorem 15.2.

(i) Suppose that there exists an integer d > 0 such that for all exact sequences
Lo—+L;i—-+—Lsg1—=+Lg—0

we have that Lo, ...,Lq_1 € L implies Lq € L.
Then every complex X € K(A) admits a quasi-isomorphism X — L into a complex L € K(L).

(ii) Let F': A — B be an additive functor. Suppose that F satisfies condition (c) in Theo-
rem 15.2(ii) and has finite cohomological dimension, i.e., there exists an integer d > 0
such that R'F =0 for all i > d.

Then the right derived functor RF: D(A) — D(B) exists and can be computed as

RF(Qa(X)) = QsKF(L),
where X — L is any quasi-isomorphism with L € K(L).

Proof. We first show how to deduce (ii) from (i). By Theorem 15.2 the bounded derived functor
RF: D*(A) — D(B) exists. Hence also the higher derived functors R‘F exist. We now apply (i)
to the full subcategory £’ C A consisting of F-acyclic objects. We need to check that conditions
(a), (b) and (c) of Theorem 15.2 are satisfied. Since £ C £’ by Remark 15.3, it is clear that every
object A € A admits a monomorphism A < L with L € £/, whence (a). Les 0 > L -+ A — B — 0
be a short exact sequence in A such that L is F-acyclic. The long exact sequence in cohomology
then gives a short exact sequence 0 — F(L) — F(A) — F(B) — R'F(L) = 0 and isomorphisms
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RiF(A) = R'F(B) for all i > 1. Hence, (b) and (c) are satisfied. Let now Ly — Ly — --- —
Lg1 — Lg — 0 be an exact sequence such that Lg,..., Lg_1 are F-acyclic. We split the sequence
into short exact sequences 0 — M; — L; — M;y; — 0 for 0 < i < d, where My = Lg4. Since each
L; is F-acyclic, the long exact sequence in cohomology gives isomorphisms

RIF(Lg) 2 RTIF(My_y) = - = R™YIF(My) =0

for all ¢ > 0. Hence, Ly is F-acyclic. Together with (¢) we deduce that, if L € K(£’) is acyclic, then
so is KF(L). By (i), every X € K(A) admits a quasi-isomorphism X — L with L € K(£). Now,
(ii) follows from Theorem 15.1.

It remains to prove (i). We proceed in several steps.

Step 1: For any X € K(A) and n € Z there exists a quasi-isomorphism X — Y such that
Yie £ for all i > n.
Indeed, consider the brutal truncation

02" X =[-0=0— X" X" 5.

Now, Theorem 15.2(i) provides a quasi-isomorphism 02" X — Z with Z € K*(£). Composing with
the quasi-isomorphism Z — 72"Z, and noting that (72" Z)" = Coker(d; ') € L (this follows from
the assumption in (i)), we may assume Z¢ = 0 for all i < n. Now, the spliced complex

Yi=[--X"25 x"! A, gy gt — ],

where d”~! is given as the composition X?~! — X" — Z", is as desired.

Step 2: Fix integers m < n and let X € K(A) such that X* € £ for all i > n. Then there exists
a quasi-isomorphism X — Y such that Y € £ for all i > m and X7 = Y7 is an isomorphism for
all j >n+1+4d.

By Step 1 we find a quasi-isomorphism f: X — Z such that Z* € £ for all i > m. By
Lemma 12.2(ii) the mapping cone M := Mc(f) is acyclic. In other words, Coker(dy,?) = Ker(d?,)
is an isomorphism for all . Note that M*® = X*1 @ Z% € L for all i > n — 1. Moreover, from the
exact sequence

M — M MY Ker(dhET) — 0

and our assumption, we deduce Ker(dit?) € L for all i > n — 1. Moreover, contemplating the
diagram

Mi — Xi+1 e Zi
diy —at| o dy
N
Mi+1 — Xi+2 fan) Zi+1

we observe that Ker(d},) = Ker(di') x zi+1 Z* and Coker(d},) = X+2 Uyi+1 Coker(dy).
We put a :=n + d. To summarize, we have an isomorphism

Coker(d3;?) = X Uya-1 Coker(d% ?) = Ker(d%) X zat1 Z% = Ker(d$,)
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in £ and a commutative diagram

Xafl Xa Xa+1

Zafl za Za+1 .

Hence, defining Y to be the complex
da,—l de
Yi=[-— 2% 5 7" X 5 Ker(dy,) - X — X2 ...,
we have maps X - Y — Z, Y* € £ for all i > m and X* = Y? is an isomorphism for all
i>a+1=n+d+ 1. It remais to show that g: X — Y is a quasi-isomorphism. It is obvious that
H'(g) is an isomorphism whenever ¢ ¢ {a — 1,a,a + 1}, so it remains to treat these three cases.

Note that Im(d§.) = Im (X ® Uya-1 Coker(dy ?) 12x0), Xt1) = Im(d%), from which we deduce

)dafl
HotH(Y) = H*"Y(X). Similarly, we have Ker(dy ') = Ker(Z! Odz ), Ker(d%) X ga+1 Z%) =
Ker(d% '), and hence H*~!(Y) = H*"1(Z) = H* }(X). Finally, we show that H*(X — Y) is an
isomorphism. First note that

a—1

a—1 dx a
X — X

-

7Zo=! —— Coker(dy ?) —— Y@
L )

a—1
dY

is a pushout diagram, and hence Coker(d% ') = Coker(d5, ) by Proposition 3.10(ii). Now we have
a commutative diagram

0 — H%X) —— Coker(d} ') —— Xot!

o
0 —— H*(Y) —— Coker(dy, ) —— Yo+t

where the rows are exact. The five lemma shows that H*(X — Y) is an isomorphism.

Step 3: Completion of the proof. Let X € K(A). Take an infinite sequence of integers
ng >nj > mng > ---. Step 1 provides a quasi-isomorphism X — Y such that Yj € £ for all i > nyg.
By Step 2, we inductively construct a sequence Yy — Y7 — Y3 — --- of quasi-isomorphisms such
that Yki € L for all ¢ > n;, and such that Yk] = ij+1 is an isomorphism for all j > ny+1+d. We now
consider the complex Y := lim, Y} in C(A). Then Y € K(£) and X — Y is a quasi-isomorphism:
Indeed, for any n € Z, pick k such that ny +1+d < n, so that Y* =Y € £ for all i > n — 1. Then
H"(Y), — Y) is an isomorphism, hence so is H*(X — Y)). O
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§16. The Ext-functor

We apply the machinery in the last section to determine the right derived functors of the Hom
functor.

Definition 16.1. Let A be an abelian category with enough injectives, and let A € A. The higher
right derived functor Ext’; (A, —) := R” Hom4(A, —): A — Ab is called the n-th Ext functor.
Note the functor Ext’; (A4, —) is natural in A (e.g., by Remark 13.2), so that we obtain a bifunctor

Ext’: A x A — Ab.

In practice it turns out that the derived functors of many functors (namely, the representable
ones) can be described in terms of the Ext-functor:

Example 16.2. Let X be a topological space. Denoting by Z € Shv(X, Ab) the constant sheaf Z,
we have a natural isomorphism I'(X, F) = Hom(Z, F) for every sheaf F € Shv(X,Ab). Thus, for
each n > 0 we deduce a natural isomorphism

Extgny(x,ap) (£, F) = H" (X, F).

Exercise 16.3. Let A be an abelian category and fix A, B € A. An extension of A by B is defined

to be a short exact sequence (f,E,g) :=[0 — B L% A 0]. Given two extensions (f, E, g)
and (f', E',¢"), we write (f, E, g) ~ (f', E’, ¢') if there exists a map h: E — E’ such that f' = ho f
and ¢’ oh = g.

(i) Show that ~ is an equivalence relation.

(ii) Let Ext(A, B) be the set of equivalence classes of extensions of A by B. Show that the
assignment (A, B) — Ext(A, B) enhances to a bifunctor Ext: A°P x A — Set.

(iii) Show that Ext(A, B) is canonically an abelian group.

(iv) Suppose that A has enough injectives. Construct a natural isomorphism
Ext(A, B) = ExtYy (4, B)
of abelian groups.

Our goal in this section is to show that Ext-groups have a natural description inside the derived
category of an abelian category. To this end, we make the following general definition:

Definition 16.4. Let A be an abelian category, and let X,Y € D(A). For any n € Z, the abelian
group

Ext™ (X, Y) = HOIHD(_A) (X, Y[n])
is called the n-th Hyperext of X,Y .

Definition 16.5. Let A be an abelian category and fix X,Y € K(A). We define a complex
Hom*®(X,Y) via

Hom™(X,Y) == [ [ Homa(X*,Y**")
€L
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for all n € Z. The differential d”: Hom"(X,Y) — Hom" ™! (X,Y) is defined by
(d"f)i= d;“fz‘ - (—1)"fi+1d§(
as a map X' — Yitntl
Lemma 16.6. Let A be an abelian category and fix X € K(A). Then:
(i) The assignment Y — Hom®(X,Y) induces an exact functor Hom® (X, —): K(A) — K(Ab).
(i) For everyY € K(A) and n € Z we have
H"(Hom*(X,Y')) = Homg4) (X, Y [n]).

(1ii) Suppose that A has enough injectives. Let Y € KT(A) be a complex of injective objects and
suppose one of Y, X is acyclic. Then Hom®(X,Y) is acyclic.

Proof. We first prove (i). It is clear that Hom® (X, —): C(A) — C(Ab) is a functor. Let ¢: Y — Z
be a null homotopic map and fix a null homotopy s, so that ¢ = dzs + sdy. We claim that the
induced maps s”: Hom™(X,Y) — Hom" (X, Z) define a null homotopy of ¢, = Hom®(X, ). We
compute
eu(f) =f = dzsf +sdy f = dzsf + sd"(f) + (=1)"sfdx = dzsf — (=1)"'sfdx + sd"(f)
=d""(sf) +sd"(f) = (" osi +s.0d")(f),
for any f € Hom"(X,Y), hence ¢, is indeed null homotopic. We conclude that Hom®(X, )
descends to a functor on the homotopy categories.
We now address the exactness. Define a natural isomorphism
¢: Hom™(X, Y[1]) = [ [ Hom.(X*, Y™+ *) = [ Homy (X', Y™+ = Hom™ (X, Y)[1]
i€Z i€z
(fi)i — (fi)i;
it is trivial to check that & preserves the differentials. Let now g: Y — Z be a map of complexes.
We construct an isomorphism
a: Hom® (X, Mc(g)) = Mc(Hom*(X, g))
via
[ Homa(x?, Y+t @ zn+) = [[ Homa (X', Y"1 ) @ [ [ Homa(X, 27*),
i€Z i€z ieZ
where fY denotes the composition of f; with the projection to Y"1+ and likewise for fZ. We

need to check that this map preserves the differentials. To this end, let f € Hom™ (X, Mc(g)). On
the one hand we compute

(@ f)i = disti o fi — (<) figr 0 dic

7dn+i+l 0 Y " Y ;
2 (8) o ()
(T e )
9"t o [ +dy o f7 — (1) [, o dy
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On the other hand, we compute

Aom(x, Y1) : 0 (fZ) _ _}fiﬁxl(x,y)(fy) )
g dHom(X,Z) f i gof +d7}L10m(X7Z)(f ) i

::Cn'w$““off<nm1ﬁ;od&§

9o [yt o 7 — (1) [ 0 d

and observe that both expressions agree. Hence « is indeed an isomorphism of complexes.
Now, given the distinguished triangle ¥ % Z % Mc(u) < Y[1] in K(A), we obtain an
isomorphism of triangles

Hom®*(X,Y) —“— Hom*(X, Z) —=— Hom®(X,Mc(u)) ——— Hom*(X,Y[1])

| H - s
Hom,(X,Y) —— Hom®(X, Z) —— Mc(Hom®(X,u)) —— Hom*(X,Y)[1],
where we note that the diagram already commutes in C(A). This finishes the proof that Hom® (X, —)
is exact.
Let us now prove (ii). Since H"(Hom®(X,Y)) = H(Hom®(X,Y)[n]) = H°(Hom®(X, Y [n])), we
reduce to the case n = 0. By definition we have

Ker(d”: Hom’(X,Y) — Hom'(X,Y)) = Homc(4)(X,Y)

For any s € Hom™'(X,Y) we compute (d~'s); = di-'s; + s;11d’, hence we conclude that the

image of d~': Hom '(X,Y) — Hom’(X,Y) consists of the null homotopic maps. We conclude
that H°(Hom®(X,Y’)) = Homg(4)(X,Y).

For part (iii), let Y € KT(A) be a complex of injective objects and suppose that either X or YV’
is acyclic. In view of (ii), it suffices to show Homg4)(X,Y[n]) = 0. But by Remark 15.7 we have

Homg4)(X,Y[n]) = Homp(4)(QX,QY[n]) = 0.

Theorem 16.7. Let A be an abelian category with enough injectives.
(i) For every X € K(A) the derived functor
RHom®(X,—): D*(A) — D(Ab)

exists.
(ii) For every X € K(A), Y € DT (A) and n € Z we have

H"R Hom*(X,Y’) = Homp4)(QX,Y[n]) = Ext"(QX,Y).

(i1i) For every X,Y € A and n € Z, we have

Ext’(X,Y) = Ext"(X,Y).
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Proof. For (i), apply Theorem 15.1 to the full subcategory £ C K¥(A) of complexes of injectives,
noting that the hypotheses are satisfied by Theorem 15.6(i) and Lemma 16.6(iii), respectively.
For (ii), let X € K(A),Y € D*(A), and n € Z. Then

H"R Hom*(X,Y) = H" Hom*®(X,iY") = Homg4)(X,iY[n]) = Homp(4)(QX, Y [n]).

Finally, for (iii), we note that for X € A, we have Hom®(X, —) = KHom4(X, —) as functors
K*(A) — K(Ab). Hence, the claim follows from (ii). O

§17. Homotopy limits and homotopy colimits

In general, a triangulated category need not admit arbitrary (co)limits. However, it turns out that,
as soon as countable (co)products exist, one can define the related notion of homotopy (co)limit. In
practice these are quite well behaved although they do not satisfy a universal property.

Lemma 17.1. Let C be a triangulated category. Suppose that C has arbitrary direct sums (resp.
products). Then arbitrary direct sums (resp. products) of distinguished triangles are distinguished.

Proof. This is almost literally the same proof as for Proposition 5.2. O
Lemma 17.2. Let C be a triangulated category and let N C C be a triangulated subcategory.
(i) Suppose that C has arbitrary direct sums. If N is closed under all direct sums then the
localization functor Q: C — C/N preserves these. In particular, also C/N has direct sums.

Conversely, if N is thick and Q preserves arbitrary direct sums, then N is closed under these.

(i) Suppose that C has arbitrary products. If N is closed under all products, then the localization
functor Q: C — C/N preserves these. In particular, also C/N has products.

Conversely, if N is thick and Q preserves arbitrary products, then N is closed under these.

Proof. Note that (ii) is dual to (i). For the “only if”-direction consider the set Sy of morphisms
X — Y whose cone lies in NV contains all identities and satisfies the condition

(%) If (s;)ier is a collection of morphisms in Sy, then @, ; s; € Sy

iel

by Lemma 17.1. Now the same proof as for Proposition 8.10 applies mutatis mutandis. (Observe
that Lemma 8.7 also holds for infinite products of categories.)

The converse follows from the observation that A identifies with Ker(Q) by Remark 11.4, which
is closed under arbitrary direct sums because () commutes with these. O

Example 17.3. Let A be an abelian category.

(a) If A is AB3 (infinite direct sums exist), then K(A) has direct sums (which are given by direct
sums of complexes).

(b) If A is AB4 (infinite direct sums exist and are exact), then D(.A) has direct sums (which are
given by direct sums of complexes).

Definition 17.4. Let (C,T) be a triangulated category.



§17. Homotopy limits and homotopy colimits 101

(a) If C has countable direct sums, then the homotopy colimit of a sequence

Xo L% ox, ox, B

is the object hocolim; X; in C defined by the distinguished triangle

=~ id —shift =~ . =
i@ X, ddoshift, Qj X; — hocolim X; — T(Q_% XZ-) ,

id,— fn
here, the map id —shift is given by X, M X0 Xnt1 — @;’io X; on the n-th component.

Informally, the map sends (zg, 21, x2,...) — (20,21 — fo(zo), 22 — f1(x1),...). Note that the
homotopy colimit is unique up to (non-unique) isomorphism.

(b) If C has countable products, then the homotopy limit of a sequence

B X B xS x
is the object holim; X; in C defined by the distinguished triangle
. ~ id —shift OO .
holim X; — 11 X; H)Xz — T (holim X;);
here, the map id — shift is given by H?io X, —» Xpt1 @ Xn M) X,, on the n-th

component. Informally, the map sends (..., z1,z9) — (..., 21 — fa(x2),20 — fi(x1)). Note
that the homotopy limit is unique up to (non-unique) isomorphism.

Remark 17.5. Let (C,T) be a triangulated category which has countable direct sums. Let X Jo,

X; f—1> -+« be a sequence of maps so that the homotopy colimit hocolim; X; is defined.

e By the definition of hocolim; X; we have maps ¢,,: X,, — hocolim; X; such that ¢, = t,,410 f,
for all n > 0.

e Let M € C be any object. Since Hom(—, M) is cohomological (Proposition 4.7), we obtain a
long exact sequence

(id—shift)*
_

o= [152 Hom(T ™ (X;), M) KN Hom(hocolim; X;, M) — []52, Hom(X;, M) [T2, Hom(X;, M) — --- .

We deduce that any sequence of maps v,,: X,, — M, such that v, = v, 110 f, foralln > 0, can
be extended to a map v: hocolim; X; — M which is unique in Hom(hocolim; X;, M) modulo
the image of 0.

Example 17.6. Let (C,T) be a triangulated category with countable direct sums and X € C. The
homotopy colimit of X Moy Mdox d s X Similarly, if C has countable products, then the
homotopy limit of --- % X 19 X 1 x is X.
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Proof. We will only prove the statement about the homotopy colimit, because the other one is
completely dual. The map

X@éXMéX,
=0 =0

(x, 20,21, %2,...) — (& + xo, 21 — To, T2 — T1,...)

is an isomorphism: The inverse is given on the n-th component by the composite
(id,—id) . n o)
X h xex S xe@Px - Px
i=1 i=0
More informally, the inverse is given by sending
n
(ag,a1,az,...) — (a,ao —a,a0+ay —a,--- 7Zai—a,...),
=0
where a = Z?io a;. We thus obtain a split triangle
@X id—shift @X (id)s X g} T(@X),
i=0 i=0 i=0

which is distinguished by Proposition 5.3(ii). O
Ezercise 17.7. Let C be a triangulated category.

(i) Let X € C. Show that the homotopy colimit of X SxSx% .0

(ii) Homotopy colimits commute with direct sums: Consider two sequences (X;, X; ELN Xit1)i>0
and (Y;,Y; EiN Yit1)i>0 in C. Show that there is an isomorphism

hocolim(X; & Y;) = hocolim X; @ hocolimY;.

~

(iii) Let (X, X; f—> Xi+1)i>0 be a sequence in C. Show that the induced map hocolim;>, X; =
hocolim;>¢ X; is an isomorphism in C (Hint: apply Lemma 4.13.)

Lemma 17.8. Let (C,T) be a triangulated category which admits countable direct sums, A an abelian
category which is ABS5 (filtered colimits exist and are exact), and let H: C — A be a cohomological
functor which preserves countable direct sums.

Let X f—°> X1 f—1> -+ be a sequence in C and denote by X = hocolim; X; the homotopy colimit.
Then the map

colim H(X;) = H(X)

s an isomorphism.
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Proof. Since H is cohomological and commutes with direct sums, we obtain a long exact sequence

RN éH(Xi) 1d—shift, éH(Xi) — H(X) - éH(T(Xi)) e
1=0 i=0 i=0

For each n > 0 the map @' , H(X;) 1d-shift, @) H(X,) is a monomorphism. As A is AB5, we
deduce that id — shift: @, H(X;) — @;-, H(X;) is a monomorphism. Hence, the sequence

0 P HX) Id—shift, P HX:) — H(X)—0
=0 1=0

is exact, which proves the assertion. O

Proposition 17.9. Let A be an abelian category.

(i) Suppose that A is AB4 (infinite direct sums exist and are exact). Let Xo Jo, X1 Iy bea
sequence in D(A), let X € D(A), and let

f+ hocolim X; — X

be a map. Suppose that for each n € Z and i > 0 the map H"(X;) = H"(X) is an
isomorphism. Then f is an isomorphism in D(A).

(i) Suppose that A is AB4L* (infinite products exist and are exact). Let --- 25 x0 I Xg be a
sequence in D(A), let X € D(A), and let

f+ X — holim X;
be a map. Suppose that for eachn € Z andi > 0 the map H*(X) — H"(X;) is an isomorphism.
Then f is an isomorphism in D(A).

Proof. We only prove (i); part (ii) is completely dual. It suffices to show that H"(f) is an isomor-
phism for every n. Fix n. In view of Exercise 17.7(iii) we may assume that H"(X;) = H"(X)
and H"T1(X;) = H""}(X) are isomorphisms for all i > 0. Observe that H" is cohomological and
commutes with countable direct sums since A is AB4. In view of Example 17.6 we have a morphism
of distinguished triangles

@ioio X, id—shift @ioio X, —— hocolim; X; —— T(@?io XZ')

| l

O X ot O X X —— 7(@%, X))

Applying H", we obtain a commutative diagram

ok oL ;

o, HX) — P, H"(X) —— H"(X) —F— @O, 1 (X) — @, H"(X).

Now the five lemma shows that H"(f) is an isomorphism as desired. O
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Example 17.10. Let A be an abelian category and X € D(A).

(i) Suppose that A is AB4 (infinite direct sums exist and are exact). Then the natural maps

hocolim 7' X =~ X and hocolim o=~ X & X

are isomorphisms in D(A).
(ii) Suppose that A is AB4* (infinite products exist and are exact). Then the natural maps

X % holim72 X  and X 2% holimoS'X

(2 3
are isomorphisms in D(A).
We can now prove the analog of Theorem 15.6 for unbounded derived categories:

Theorem 17.11. Let A be an abelian category which has enough injectives and is AB4*. Denote
by Z C A the full subcategory of injective objects. Then

(i) The functor Q: K(A) — D(A) is a Bousfield localization. More precisely, let Kpinj(A) C K(A)
be the smallest triangulated subcategory containing I and which is closed under arbitrary
products. Then the restriction Q|K]_ (A Khinj(A) = D(A) is an equivalence of triangulated

hinj

categories. We denote by
i: D(A) = Khinj (A) Q K(.A)

a right adjoint of Q which factors through Kpinj(A).
(ii) Let F: A — B be an additive functor of abelian categories. Then the right derived functor RF
is computed as the composition

KFlKhinj(-A)
E——

D(A) - Kinj(A) K(B) <% D(B).

Proof. We prove the following statements:

(a) Every object I € Kyinj(A) is local with respect to quasi-isomorphisms or, equivalently,
Homg4) (X, I) = 0 for every acyclic complex X € K(A).

(b) KH(Z) C Khinj(A).
(c) For every X € K(A) there exists a quasi-isomorphism X — I with I € Ky;pj(A).

Once this is done, the rest of the argument follows exactly as in Theorem 15.6. For part (a), let
L C K(A) be the full subcategory spanned by all objects I such that Homg4)(X, 1) = 0 for all
acyclic complexes X € K(A). We first show that £ is a triangulated subcategory. It is obvious that
L[1] = L. Let now I — I’ — I"" — I[1] be a distinguished triangle in K(A) such that I,I’ € £. We
claim that I"” € £. Indeed, let X € K(A) be an arbitrary acyclic complex. Since Homg4)(X, —) is
cohomological (Proposition 4.7), we obtain an exact sequence

0= HomK(A)(X, I/) — HOHIK(A) (X, IN) — HOHIK(A) (X, I[l]) =0,
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from which we deduce Homg4)(X,1"”) = 0. Hence, I"” € L, which shows that £ C K(A) is a
triangulated subcategory. Since Homg4)(X, —) preserves arbitrary products, it is clear that £ is
closed under arbitrary products. It follows that Kyinj(A) is contained in £, which verifies (a).

Let us now prove (b). We first show K?(Z) C Kpinj(A). Note that every I € Kb(Z) is isomorphic

to the mapping cone of the map o<"I[—1] Any 5>nT Hence by induction on the number of non-zero
terms in I we deduce I € Kpinj(A). Now, for every I € K*(Z) the map I — holim,, c="[ is a
quasi-isomorphism by Example 17.10. Since I is local by Theorem 15.6 and holim,, 0="1 is local
by (a), we deduce from Theorem 9.4 that the map is an isomorphism. Hence I € Kyinj(A).

For part (c), observe that for every n > 0 there exists a quasi-isomorphism 7=~"X — [,, with
I,, € K¥(Z), by Theorem 15.6(ii). Since I,, € Kyinj(A) is local by (a), the map

Homy(a)(In+1, In) = Homg(a) (727" 71X, 1,,)

given by precomposition with 72~""1X — I,,,; is an isomorphism. Hence, there exists a map
fon+1: Iny1 — I, making the diagram

commutative. We obtain a sequence of maps - - - f—3> I f—2> I f—1> Iy such that each I, lies in
Khinj(A). We deduce that [ := holim; I; € Khinj(A). Consider now the commutative diagram

H?io T2 X[ s H;‘)io 27X -] —— X —— Hzo . ¢

qisl qisl lqis

[0 Li[-1] a—snirt 1= Li[—1] I [0 I

where the rows are distinguished triangles by definition of homotopy limit and by Example 17.10(ii).
By (S6) and Proposition 12.3(i), the dashed arrow exists and is a quasi-isomorphism. This finishes
the proof. O

Remark 17.12. The assumption that A be AB4* covers a large class of abelian categories of
interest, like the category of modules over a ring. However, there are also many interesting abelian
categories in which infinite products are not exact. This generally happens for various categories of
sheaves on a topological space or a scheme.

It turns out that basically all abelian categories of interest are Grothendieck, i.e., they contain
a generator, all colimits exist, and the formation of filtered colimits is exact. There is an analog of
Theorem 17.11 for Grothendieck abelian categories, which we will explain in Theorem 24.10.






Chapter 5

Spectral Sequences

§18. Definition of spectral sequences

Doing computations in the derived category is usually very easy and conceptual. It is often necessary
to extract information in terms of the abelian level. We have two examples in mind:

e Let X € C*(A) be a complex and RF: D*(A) — D(B) a derived functor. Can we compute
H"(RF (X)) in terms of the R"F and H"(X) (or even X"™)?

e Let F: A — B and G: B — C be left exact functors and X € Kt(A). Can we compute
H"(RG(RF(X))) in terms of the higher derived functors of G and F?

The computational tool that allows us to treat these problems is called a spectral sequence. We
first point out that the second of the above questions is related to the computation of the derived
functor of a composition of two functors, namely, we have the following result:

Proposition 18.1. Let A, B,C be abelian categories, let x,1 € {@,b, +, —}. Let F: K*(A) — KI(B)
and G: KT (B) — K(C) be exact functors. Suppose that the following conditions are satisfied:

(a) There exist full subcategories L C K*(A) and M C KT(B) satisfying the hypotheses of Theo-
rem 15.1 for F' and G, respectively.

(b) F(L) C M.
Then the canonical map
R(G o F) ~ RG o RF
is an isomorphism of functors D*(A) — D(C).

Proof. Tt follows from (a), (b) and Theorem 15.1 that the right derived functors RF: D*(.A) — D'(B),
RG: Df(B) — D(C), and R(G o F): D*(A) — D(C) exist. We obtain from the universal property of
the derived functor a unique map a: R(G o F) — RG o RF making the diagram

QcGF R(Go F)Q4

aQa

I

I

I
~

QcGF —— R(G)QpF —— R(G)R(F)Q4

107
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of functors K*(A) — D(C) commutative. Note that, applied to objects of £, the horizontal maps
in the diagram are isomorphisms, because F(L£) C M. Hence, for all L € £ the map ag 1 is an
isomorphism. Now, for any X € K*(A), choose a quasi-isomorphism X — L with L € £. Then we
have a commutative diagram

R(G o F)(QaX) “**5 (RG o RF)(Q4X)
R(G o F)(QaL) 557 (RGoRF)(QaL),

which implies that og , x is an isomorphism. As Q) 4 is essentially surjective, we deduce that « is
an isomorphism as desired. O

We now introduce the notion of a spectral sequence.
Definition 18.2. Let A be an abelian category. A spectral sequence consists of the following data:

(a) a family {EP9},>, p qez Of objects of A (for some a > 0);
(b) differentials dP: EP4 — EP+ma=r+1 e maps satisfying db+™47 71 o ¢P4 = 0 for all p, q,r;

(¢) isomorphisms o®7: EPY, =5 Ker(dP?)/ Im(dp—mt7~1).

The total degree of E?Y is defined to be p + q. We call E, = {E??}, , the r-th page of the spectral
sequence.

A morphism f: E — E’ of spectral sequences consists of maps fP?: EP? — E/P? commuting
with the differentials (i.e., d/P9fP4 = fp+ra=r+14ra) guch that the diagrams

pq

Prq r+1 'pq
Er+1 Er—l—l

pq pq
ar JN Nlar

Ker(dp?) [ Tm(dp=m17 1) — Ker(dp?)/ Tm(dp =7 1)

commute for all r, p, q.

We point out the following immediate observations:
e EY{| is a subquotient of E??.

o the differentials dP? increase the total degree by 1.
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We illustrate the spectral sequence for its first pages:

qz QA\

[4

T—H0——0——H0——0——>0

T—H0——0——H0——0——>0

e—H0——0——H0——0———>0

——0——0——0——0——>0

*——0———0——H>0——>0
*——0———0——H>0——>0
*——0——0——H>0——>0
*——0———0——H>0——>0
*—0———H0——0——0
*——0———H0——>0——0

¢ —H0——0———0———H0——0

2 Ny

E, p

Definition 18.3. A spectral sequence E = {EF?},>, ., , is called bounded if for all n there are only
finitely many (p, q) with p 4+ ¢ = n and EP? # 0. Note that in this case the differentials d2? vanish
for fixed p,q and 7 >> 0, and hence EPY = E¥Y, = .... We denote by E£I = EP9 this stable value
of EPI.

We say that a bounded spectral sequence E converges to H = {H"}, ¢z if each H" € A admits
a finite descending filtration

0= FSH" ng_lHn g gFtHn — H"
such that EPI = FPHP+e/FPTLHPY for all p,q. We denote convergence by writing
EPl — HPTI

Example 18.4. (a) Let A be an abelian category. Every first quadrant spectral sequence E =
{EP9}, ¢>0 is bounded; every third quadrant spectral sequence E = {EF?}, <o is bounded.
(b) Let G be a finite group and N < G a normal subgroup. The Lyndon—-Hochschild—Serre spectral
sequence is a converging first quadrant spectral sequence

E¥" = HP(G/N,HY(N, A)) = HPTI(G, A)
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for any G-representation A. It is a special case of the Grothendieck spectral sequence, which
we will prove later (see Theorem 20.10).

§19. Construction of spectral sequences

Classically, spectral sequences were constructed from filtered chain complexes. We will follow the
exposition in [Ben91], but will work in slightly greater generality.

We start by introducing the notion of an “exact couple”, which is the abstract machine which
constructs for us spectral sequences.

Definition 19.1 (Massey). Let A be an abelian category. An ezact couple is a tuple (D, E, 1, j, k)
consisting of objects D, E € A and morphisms D - D % E %, D such that

Ker(i) = Im(k), Ker(j) = Im(4), Ker(k) = Im(j).

Since ko j =0, the map d := jok: F — FE defines a differential on E. We define its cohomology
object to be

H(E,d) = Ker(d)/ Im(d).

We visualize an exact couple as a triangle
D—"—D
N
E.

Lemma 19.2. Let A be an abelian category and (D, E,1,j,k) an exact couple. We put

D' :=1m(i) C D,
E'=H(E,d) as a subquotient of E,

and define maps D’ Sp LB by the commutativity of the diagram

Then (D', E',i',j' k') defines an exact couple, called the derived couple of (D, E,i,j,k).

Proof. From the construction it is clear that Im(i’) C Ker(j'), Im(j’) C Ker(k’), and Im(k") C
Ker(i'). A diagram chase shows that these inclusions are epimorphisms, hence isomorphisms. [
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Lemma 19.3. Let (D, E, i, j, k) be an exact couple with differential d = jok. Forr > 2 we denote by
(Dy, Eyy iy jiry k) the (r—1)-th derived couple with differential d,. = j,0k,. Put Z, = k=*(Im(i"~1))
and B, = j(Ker(i"~1)) as subobjects of E. Then there are canonical isomorphisms

Er = Zr/Bra Br/Brfl = Im(drfl)a Zr/Brfl = Ker(dr71)~
Proof. We prove the claim by induction on 7. The case r = 1 is trivial. So let » = 2. Then

By = j(Ker(i)) = j(Im(k)) = Tm(j o k) = Tm(d),
Zy =k~ (Im(4)) = k! (Ker(j)) = Ker(j o k) = Ker(d),

so that Z5/Bs = F5. Let now r > 2 and suppose that the claim is true for 7 — 1 and every exact
couple. Consider the commutative diagram

D—2 5z —* 5 Im®)

l |r

Dy —— ZT/BQ — Ds.
J2 ko

We compute

Zpo1 = k3 (Im(i5~2)) = 7k~ (Im("™Y)) = 7(Z,) = Z,/Bo,
By—1 = jo(Ker(i5™2)) = joi(Ker(i" 1)) = mj(Ker(:" ™)) = n(B,) = B,/Bo.

Hence, by the induction hypothesis for (Ds, Es, i3, jo, k2), we deduce

L/ By
Z,|B, = BﬁBi =~ Ker(dy_1)/ Im(dy_,) = E,,
B./By _ = = -
B,./B, 12— 2B, 1/B,_ 2 =Im(d-_2) =Im(d,_1),
/Br-1 B 1/Bs 1/Br—2 = Im(d,—2) = Im(d,—1)
ZT/BQ ~ ’V 7
Z.B, = 2122 &g B~ Ker(d,_o) = Ker(d,_y). 0
/Br—1 B, /B, 1/Br—2 = Ker(d,—2) = Ker(d,—1)

Remark 19.4. Classically, spectral sequences are obtained from a filtration on a chain complex.
Recall that if C' € C(A) is a complex with descending filtration

...CFPrlcCFPCCFPiCC..-CC

we may look at the associated graded complexes gr? C' := FPC/FPT1(C. The idea of the spectral
sequence associated with F'*C' is to approximate the cohomology of C' with the cohomologies of the
associated graded complexes gr? C: We then want to build a convergent spectral sequence

EP? =HP(gr? C) = HPTI(C).

The construction requires us to also consider the complexes FPC/FIC for ¢ > p. Now, it is
sometimes more useful to construct the necessary data directly in the derived category. This
motivates the following definition:
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Definition 19.5. Let A be an abelian category. Let Zy = Z U {£co} with the obvious partial
ordering and consider partially ordered set

I={(pqeLi|p<q}

with partial ordering (p,q) < (r,s) if p < r and ¢ < s. A (descending) filtered object in D(A) is a
functor
X:T% 5 D(A)

together with maps 9, 4.1 X (p,q) = X(q,7)[1] for all p < ¢ < r satisfying the following conditions:
e X(p,p) =0 for all p.

e For all p < g <r the triangle X (¢,7) — X(p,r) = X(p,q) % X (q,7)[1] is distinguished.

e For all p < ¢ < r < s the induced diagram

X(q,8) — X(p,s) —— X(p,q) ~22% X(q,5)[1]

o NN

X(g,r) — X(p,r) — X(p,q) —— X(¢,7)[1]

Sprar
is a morphism of (distinguished) triangles.
In particular, if we define X (p) := X (p, 00), then we obtain a chain of maps
= Xp+1) > Xp) > Xp-1) = = X(—00),

in D(A), which we view as a descending filtration of X (—o0). Moreover, we recover the terms
X (p, q) via the distinguished triangles

X(q) = X(p) = X(p,q) — X(q)[1]

for all p < g in Z.

Example 19.6. Let A be an abelian category and C' € C(A) a complex together with a filtration
0C--CFPICCFPCCFP'ICC---CC

by subcomplexes. Putting F*°C := 0 and F'~°°C := C, we obtain a filtered object of D(A) via
X(p,q) = Q(FPC/F1C) for all p < q. Indeed, observe that for all p < ¢ < r < s we have a
morphism of short exact sequences

0 —— FIC/FC —— FPC/F*C —— FPC/F1C —— 0

| | H

0 —— FIC/F"C —— FPC/F"C —— FPC/FiC — 0,

and then Example 12.4 gives the map of distinguished triangles (19.1).
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Example 19.7. Let A be an abelian category. As a special case of Example 19.6 we obtain the
following filtered objects in D(A):

(a) Let C € C(A) with filtration given by FPC := 7=7PC. For the induced filtered object X in
D(A) we then have

X(p,q) = Q(r79r=7P0)

in D(A), whose cohomologies are concentrated in degrees [—qg + 1,...,—p]. In particular, we
have X (p,p+ 1) = H?(C)[p].

(b) Let C € C(A) with filtration given by FPC := ¢2PC. For the induced filtered object X in
D(A) we then have

X(p,q) = Q(6<10=FC)

in D(A), whose cohomologies are concentrated in degrees [p,...,q— 1]. In particular, we have
X(p,p+1) =C?[-p].

Example 19.8. If X is a filtered object of D(A) and F': D(A) — D(B) is an exact functor between
derived categories, then F o X is a filtered object of D(B).

Using exact couples and their derived couples we can now construct spectral sequences:

Construction 19.9. Let A be an abelian category and X(—, —) a filtered object of D(A). The
long exact sequences

S HY (X (p+ 1) D HY (X (p) 5 HY (X (p,p+ 1) 25 HY Y (X (p+ 1) — -+

fit into a large diagram

|

S U X (p+ 1) — BN X (p o+ Lp+2) — HY(X(p+2) — H'(X(p+2.p+3)) —

I

— B (X (p) =2 B (X (pp+ 1)) = HY(X(p+1)) — H(X(p+1,p+2)) —

J/ il
~
p

— HY(X(p—1)) — H'" (X (p—1,p)) —— H*(X(p)) —2> H*(X(p,p+ 1)) —>

| |

‘We now put
B} = HPY (X (p,p + 1)), DY = HP49(X (p))
and visualize them in a triangular shape,

.0 i1 o0
Dl Dl

k’k \Al
5
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where

deg(il) = (_17 1)7 deg(jl) = (070), deg(kl) = (1’0)7
and

Ker(i1) = Im(kq), Ker(j1) = Im(41), Ker(k1) = Im(j1).

We define the exact couple (D, E,, i, j., k) as the (r —1)-th derived couple of of (Dy, E1). The
sequence {(E,,d,)},>1 is the spectral sequence of the original exact couple (D1, Eq). We keep track
of the double grading

deg(iy) = deg(ir_1),
deg(jr) = deg(jr—1) — deg(i,—1),
deg(ky) = deg(k,—1),

deg(dy) = deg(jy) + deg(kr),

so that, by induction,

deg(ir) = (—1,1),
deg(j.) = (r—1,—r+1),
deg(k;) = (1,0),

deg(d,) = (r,—r+1)

Fix p,q. Note that D%, C D7 C DY? for all r, and we put D2 := (), D29, Each EP? is a
subquotient of EV?, hence we find subobjects BP?, ZFP1 C E? such that

Ept = 71/ BpA.
By the construction and Lemma 19.3 we have
Efq:qu :_)25‘1 D...DZPID...DBPID ... :_)ng :_)qu:Q

where ZP1/BP?, = Ker(d’?,) and BP9/BPY, = Tm(d?_;*"" ). We put BE¢ = J BP? and
Z%3 =, Z*1. Note that BEZ C ZP4, so that the object

B2 = 221/ B2
is well-defined. We make the following simplifying assumptions:
() For fixed p,q and n > 0, we have

HPY(X (p+n)) =0, and
HP0(X (p — m)) = HPH(X(—00))

is an isomorphism.

Proposition 19.10. The following equalities hold:
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(i) 781 =TIm(HP* (X (p,p+n)) — HT(X(p,p +1)))
= Ker (HPT(X (p,p + 1)) & HPY (X (p+ 1,p +n))).
(ii) BrY = Im(HP* Y (X (p—n+1,p)) S HFY(X (p,p+1)))

= Ker(Hp+q(X(p,p +1) =YX (p—n+1,p+ 1)))

Remark 19.11. Observe that the assumption (*) and Proposition 19.10 imply that, for fixed p, ¢
and n > 0:

Zrt =278 =... = 7P = Im(H"*9(X (p)) — ET?)
BP = BrM  =...= B =Im(H""" (X (—00,p)) — E),

where EYY = HPY4(X (p,p + 1)).

Proof of Proposition 19.10. For part (i), we consider the diagram

X(p+1) X(p) X(p,p+1) —— X(p+1)[1]

| l H [

X(p+1lp+n) — X(p,p+n) — X(p,p+1) —— X(p+1,p+n)[l]

which commutes by (19.1). Applying HP*4 to the bottom row, we obtain an exact sequence

HP (X (p,p + 1)) 5 HPFU(X (p, p + 1)) 2 HPF9 (X (p + 1,p + n))

and the claim is that Z?? = Im(«) = Ker(9). We consider the following commutative diagram

HPHHH (X (p + n))

L=

HP (X (p,p + 1)) —— HPFIFL (X (p+ 1))
J{jl
X
HPHHL (X (p+1,p+n)).
By Lemma 19.3 we have
2 = k7 (In(i7 1)) = ki (Ker(71)) = Ker(y o k1) = Ker(8) = Im(a)

as desired.
Part (ii) works similarly. We instead consider the morphism of distinguished triangles

Xp) — 2 Xpon+1) —— X(p—n+1,p) —— X()[1]

l l H [

X(pp+1l) — X(p—n+Lp+l) — X(p—n+1p) —— X(p,p+1[1].
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Applying HPT9~! to the bottom row, we obtain an exact sequence

B (X (p—n+1,p)) S HPF(X (p,p + 1) D BPF(X (p,p + 1))

and the claim is that B2? = Im(0) = Ker(3). We consider the following commutative diagram

HPHY(X(p—n+1,p))

A TN

HPH(X (p)) ——— HPH(X (p,p+ 1))

|

HPH (X (p—n+1)),

By Lemma 19.3 we have

BE9 = ji(Ker(i™)) = j1 (Im(k1)) = Im(9) = Ker(B)
as desired. O

We will need the following general lemma:

Lemma 19.12. Consider a commutative diagram

e

A%B%C

in an abelian category A, where the bottom row is exact. Then g induces an isomorphism
g: Im(h)/Im(f) = Im(k).
Proof. Compute
Im(h)  Im(h)

Im(f) — Ker(g)

Proposition 19.13. We have an isomorphism

Ep = Im(HPH (X (p,p+n)) = HHI(X(p—n+1,p+1))).

Proof. Consider the commutative diagram

HP(X (p,p+n))

/ J{h \

HPH (X (p = n+ 1,p)) —— HPF(X(p,p+1)) —— HF(X(p—n+1,p+1)),
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where the commutativity of the left triangle comes from the commutativity of (19.1) applied to

X(p,p+n) — X(p—n+1Lp+n) — X(p-—n+1,p) —— X(p,p+n)[l]

| | H !

X(p,p+1l) — X(p—-n+1p+1) — X(p—n+1,p) — X(p,p+ 1.

By Proposition 19.10 we have Z29 = Im(h) and BE? = Im(f), hence the claim follows from
Lemma 19.12. O

Letting n go to infinity, we obtain the following consequence:

Corollary 19.14. We have E?? = Im(HP™9(X (p)) — HPT9(X (—o0,p + 1))).
Proof. Apply Proposition 19.13 and assumption (x). O

Definition 19.15. Put
FPHPTI(X (—00)) = Im(Hp+q(X(p)) — Hp+q(X(—oo))).
We summarize the previous discussion in the following theorem:

Theorem 19.16. Let A be an abelian category and X : I°? — D(A) a filtered object (see Defini-
tion 19.5. Suppose that the following condition is satisfied:

e For all fizred p,q and n > 0, the map HPT9(X (p — n)) = HPT(X (—00)) is an isomorphism
and HPT4(X (p+n)) = 0.

Then there is a converging spectral sequence
EY! =HPM(X (p,p + 1)) = HPTI(X(—00)).

Proof. Following the discussion, it remains to prove that we have an isomorphism
EPI = FPHPYI(X (—o00))/FPTTHPTY(X (—00)).

To see this, apply Lemma 19.12 to the diagram

HPH (X (p))

HPT(X (p+1)) —— HPTI(X(—00)) —— HPTI(X(—o00,p+1)).

In the special case of a first quadrant spectral sequence we can extract more structure.
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Construction 19.17 (edge maps). Let
qu — HPT4
be a convergent first quadrant spectral sequence, that is, E5? = 0 provided p < 0 or ¢ < 0.
Then the differentials into E2? and out of EPY are zero for all r > 2. In other words, we have
inclusions
EY%C... QEEL C E% C ...gqu
and quotient maps

PO 0 PO p0
E" = - » B > B —» - = EXS

Now, H™ has a filtration 0 = F*»*'g™ C F*H™ C ... C F'H™ C FOH"™ = H" such that
Epn—P =~ FPH™ /FPTLH™ Hence, we obtain maps

HY — FOHI/F'HI =~ E% — EJ?
and
E? — EPO = FPHP C HP,

which are called the edge maps of the spectral sequence. In low degrees we obtain a five-term ezxact
sequence

dOl
0— B’ - H' - EY' 25 F2° — H2.

In fact, there is even a seven-term exact sequence

d()l dll
0— B’ — H' = EY' =5 E3° — Ker(H” = EY?) — Ey' = E3°.

§20. Examples of Spectral Sequences

Let us look at examples of spectral sequences in order to get a feeling for them.

Example 20.1. Let A be an abelian category. Let X ¥ bea morphism in D(A), which gives
rise to a distinguished triangle X — Y — Z — X[1]. We view f as a filtered object by putting

0, ifp>2
Y, ifp<O0.



§20. Examples of Spectral Sequences 119

The page EYY = HP*9(X (p,p+ 1)) and E5? are then given by

QJ\ d q/\
H2(Z) —— H3(X) Ker(dy) Coker(ds)
d
EY: | HY(Z) SN H2(X) ER: | Ker(dy) Coker(d;)
d
HO(Z) —— H!(X) Ker(do) Coker(do)
d_, P P
H~Y(Z) —— HY(X) Ker(d—;)  Coker(d_;)

Note that the spectral sequence is concentrated in the Oth and 1st column. The differentials of E5?
are all zero, hence F5? = EP?. The convergence means that we have short exact sequences

00— ELnl S HY(Y) EOn 0
H H
Coker(d,—_1) Ker(d,,)

for n € Z. We can splice them together to recover the long exact sequence in cohomology:

dn1
e

s HY(Z) H*(X) — H'(Y) — H™(Z) & H (X)) — -

Observe that the spectral sequence allows us to compute H"(Y") from the cohomologies H™(X)
and H"(Z) only up to extensions!

20.1 The spectral sequence of a double complex

Definition 20.2. Let A be an additive category.

(i) A double complex consists of a tuple (A**®,d%*®, d;°) consisting of objects A*/ and maps

y Yo

diy s A — AW and d7: AW — AL such that d57t o dii = ditM o dy = 0 and
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ditlio d;;j = d;;jﬂ odi7. We depict the double complex as a lattice

i—1,5+1 i1
. A-Lit17h AbItTL Zh o gl L
gi-ld dird qit1d
d;‘;l’j =

Note that a double complex is simply an object of C(C(A)).

We call A** bounded if for all n € Z there are only finitely many pairs (p,q) with p+¢=n
and AP-? = (. For example, every first quadrant or third quadrant double complex is bounded.

(ii) Suppose that A admits infinite direct sums and let A**® be a double complex. We de-
note by (Tot(A)®,d®) the complex defined by Tot(A)" = P § AP with differentials
ptra=n
d": Tot(A)™ — Tot(A)" ! given by
dr =Y d 4 (—1)Pdp.
p.q
p+q=n
We call Tot(A)® the total complex of A®*°.

Ezercise 20.3. Let A be an additive category and A®* a double complex. Let B**® be the double
complex given “transposing”, i.e., B = A, dy, = d}’ and d, = d%’;. Show that there is an
isomorphism

Tot(A®**) = Tot(B**)
in C(A).
Notation 20.4. Let A be an abelian category and A®*® a double complex in A. For each fixed

p € Z, we have a complex (AP*,d,) in A with cohomology H?(AP*) € A. These objects assemble
into a complex

(HI(A%*),d)) € C(A)
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for each ¢ € Z. We similarly denote by (HJ(A**),d,) € C(A) the complex assembled from the
cohomologies HY (A*7) of the complexes (A%, dy), for ¢ € Z.

Proposition 20.5. Let A be an abelian category. Let A®*® be a bounded double complex in A.
Then there exist two convergent spectral sequences

[EVT =HI(AP®) = HP*9(Tot(A))
By = Hj(A%?) = HPTI(Tot(A)),
where df’q: IEf’q — IEf+1’q is induced by dy and d’l”q: HEf’q — UEf+1’q is induced by d,,.

Proof. Consider the “column filtration” given by F'? Tot(A) := Tot(o2P* A) C Tot(A). Concretely,
we have FP Tot(A)" = @i+j=n A"’ as a subcomplex of Tot(A), which we may visualize as

i>p
0 0% *x x =x
0 0% *x *x =x
0 0% *x *x =x
0O O] *x * x =
>p

Note that for fixed n we find pg such that AP*~P = 0 for all p < pg by our assumption that A®*®
is bounded. Hence H"(F? Tot(A)) = H"(Tot(A)) is an isomorphism for all p < py. Moreover, it
is clear that H"(F? Tot(A)) = 0 whenever p > n. We may thus apply Theorem 19.16 and obtain a
convergent spectral sequence

By =HT(X(p,p+1)) = HT(Tot(4)),
where X denotes the filtered object associated with F'® Tot(A). Note that X (p, p+1) = X (p)/X (p+1)
identifies with the complex (AP*~?,(—1)Pd,). We compute EY? = HPT4(X (p,p + 1)) = Hi(AP-*),
and the differential dy : HZ(AP>*) — HY(APT1*) is induced by dp,.
The second spectral sequence is obtained by applying the first result to the transposed double

complex from Exercise 20.3, or by considering the “row filtration” X (p) = Tot(c*2P A) instead. The
details are left to the reader. O

As an application, we can compute injective resolutions of (bounded below) complexes:

Exzxercise 20.6. Let A be an abelian category with enough injectives. Let
A =[] —=0—=0— A" A" —» A% — ...]
be a complex concentrated in degrees > 0.

(i) Construct a double complex I** such that A? — I?P-* is an injective resolution for all p. (Hint:
split A* into short exact sequences 0 — Z" — A* — B! — 0and 0 — B* — Z' — H'(A) — 0
for all i > 0, where Z¢ = Ker(d") and B* = Im(d*~!). Use injective resolutions of the B* and
H?(A) and the Horseshoe lemma to construct injective resolutions of the Z¢ and A‘.)

(ii) Show that the natural map f: A®* — Tot(I)*® is a quasi-isomorphism. (Hint: Show first that

the mapping cone of f is the total complex of the double complex I** with IP7 = [P4 for all
p,q >0, I»~1 = AP for all p, and IP? = 0 otherwise.)

Ezercise 20.7. Prove the snake lemma and the five lemma using spectral sequences.
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20.2 The Grothendieck spectral sequence

We introduce some notation.
Notation 20.8. Let D(A) be the derived category of an abelian category A.

(1) For any n € Z we let D="(A) C D(A) be the full subcategory spanned by the objects X such
that H(X) = 0 for all i > n (equivalently, 7<"X =~ X).

We similarly define DZ"(A) C D(A) as the full subcategory spanned by the objects X such
that HY(X) = 0 fo all i < n (equivalently, X =% 72" X). Observe that

D~ (A) = | J D="(A), and D (A) = | J D="(A).

nez ne”Z

(2) An exact functor F': D(A) — D(B) is called left bounded if there exists n € Z such that
F(D=°(A)) C D="(B). If we can choose n = 0, then we call F left t-ezact.

Similarly, F is called right bounded if there exists n € Z such that F(D=°(A)) C D="(B), and
if we can choose n = 0, then we call F right t-exact.

F is called bounded if it is both left and right bounded, and we calld F' t-exact if F' is both
left and right t-exact.

Proposition 20.9. Let A, B be abelian categories. Let F': D(A) — D(B) be an exact functor between
derived categories and let C € C(A). Suppose that one of the following conditions is satisfied:

o F is left bounded and C € CT(A);
e F is right bounded and C € C~(A);
e F is bounded;
o CcCl(A).
Then there exist convergent spectral sequences
EY = (HPF)(HY(C)) = HPTI(F(C))  and
EY! = (H'F)(CP) = HPTY(F(C)).
Here, HPF': A — B denotes the composite A — D(A) EiN D(B) o, B.

Proof. Let us identify C' with its image in D(A). Consider the filtration given by FPC = r=7PC
from Example 19.7, and denote the associated filtered object by X. As F is an exact functor,
the assignment (FX)(p,q) = F(X(p,q)) defines a filtered object in D(B). We first claim that
for fixed p,q and n > 0 the maps HPTI(FX(p — n)) = HPTI(FX(—00)) are isomorphisms and
HPTI(FX(p+n)) =0.

e If C € D=%(A) for some a € Z, then we have F X (p) = FC whenever p + a < 0, and hence
HPT(FX(p—n)) = HPTI(FX(—)) for n > p +a.

e If C € DZ2(A) for some a € Z, then X (p +n) = 7S7P~"C = 0 whenever —n —p < a.
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e If F is left bounded, say F(DZ°(A)) C D=f0(B), then we have an exact sequence
HPTI~ Y FX(—oc0,p —n)) = HPTI(FX(p —n)) — HPTI(FC) — HYY(FX(—00,p —n)).

As X(—o0,p —n) = 7>""PC, we get HPT9H(FX(—o00,p —n)) =0 =HP Y (FX(—o00,p—n)),
and therefore HPT4(FX (p —n)) = HPT4(FX(p —n — 1)) whenever n —p+ fo > p+q.

e If F is right bounded, say F(D<°(A)) C D=/(B), then HP*9(FX (p +n)) = 0 whenever we
have fo —p—n <p+gq.

Thus, under our hypotheses, we may apply Theorem 19.16 to conclude that there is a convergent
spectral sequence

EY =HY(FX(i,i+1)) = H(F(O)).

We compute H ™ (FX (i,i + 1)) = HH (F(H(C)[])) = H*H(F)(H™(C)). Now we make the
substitution (p, q) = (2i+4, —i), so that p+¢q = i+j. Under this new parametrization the differential
has bidegree (2, —1), hence our spectral sequence starts on the second page, i.e., we get

B = (HPF)(HY(C)) = HPTU(FC).

The same discussion applies mutatis mutandis if we consider the filtration FPC' = ¢=PC instead.
In this case we have X (p,p+ 1) = CP[—p] and hence we get a convergent spectral sequence

By = HH(FCP[—pl) = (HF)(C") = HH(FC)
as desired. 0

Theorem 20.10 (Grothendieck spectral sequence). Let F': A — B and G: B — C be left exact
functors between abelian categories. Suppose that A and B have enough injectives and that F(I) is
G-acyclic for all injective objects I € A.

Then for all A € A there is a convergent first quadrant spectral sequence

E}" = RFG(RIF(A)) = RPM(G o F)(A).

The edge maps are natural maps RY(G o F)(A) — G(RIF(A)) and RPG(F(A)) — RP(G o F)(A)
and we have a five-term exact sequence

0 = R'G(F(A)) = RYG o F)(A) = G(R'F(A)) = R2G(F(A)) — R*(G o F)(A).

Proof. By Proposition 18.1 we have an isomorphism R(GoF) =% RGoRF of functors D*(A) — D(C).
By Proposition 20.9 applied with F' = RG and C = RF(A) we obtain the desired spectral sequence.
The edge maps and the five-term exact sequence are given in Construction 19.17. O

Example 20.11 (Lyndon—Hochschild—Serre spectral sequence). Let k be a field, G a finite group
and N < G a normal subgroup. For every V € Rep,(G) we have V& = (VN)G/N_ Since (—)V
is right adjoint to the exact functor Rep,(G/N) — Rep,(G) given by inflation/restriction along
G — G/N, it follows that (—)" preserves injective objects. Hence, in this case the Grothendieck
spectral sequence yields

ES? =HP(G/N,HY(N,V)) = HPTI(G,V),

where H"(G, —) = R"(—)% denotes group cohomology.
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Example 20.12 (Leray spectral sequence). Let f: X — Y be a continuous map between topological
spaces. The direct image functor f.: Shv(X,Ab) — Shv(Y,Ab) sends injective sheaves to flabby
sheaves, which are acyclic for the global sections functor I'(Y, —). Note that I'(Y, f.(-)) = T'(X, —).
Hence, the Grothendieck spectral sequence yields

E5T = HP(Y,RUf.(F)) = HPTU(X,F)

for any sheaf F € Shv(X, Ab).
In other words, we can approximate the cohomology of F using the cohomologies of the higher
direct images RY f,(F).

Ezercise 20.13. Let A be an abelian category satisfying AB3 (infinite direct sums exist). Suppose
that A has enough injective and enough projective objects. Show that the formation of infinite
direct sums in A is exact. (Hint: A direct argument works (even without the assumption that A
have enough projectives). For another argument consider the spectral sequence

qu — Exti( (q) Ai7 B) — H EXti‘_‘_q(Ai, B),

where @Z(-q) denotes the g-th left derived functor of @,: AY — A.)



Chapter 6

The Brown Representability Theorem

The goal in this section is to give a proof of the Brown representability theorem for triangulated
catgeories. Its mean importance derives from the fact that it provides adjoint functor theorems. We
roughly follow the treatment in [Kra07].

§21. Coherent Functors

Let A be an additive category. In this section we will describe a process of universally adjoining
cokernels to A. This construction will then be used to define the “abelian hull” of A (under a mild
condition on A).

Definition 21.1. We call Mod(A) := Fun®?(A°P, Ab) the category of additive functors AP — Ab.
Note that limits and colimits in Mod(A) exist and are computed pointwise. It follows that
Mod(A) is an abelian category. The functor

Y: A— Mod(A),
A Homg(—, A)

is additive and fully faithful by the Yoneda lemma.

We recall the following universal property of Mod(.A), which informally states that Mod(.A) is
built from A by freely adjoining all colimits:

Theorem 21.2. Let A, B be additive categories, and suppose that B has all colimits. Then precom-
position with Y induces an equivalence of categories

V*: Fun®™(Mod(A), B) = Fun®?(A, B),
where Fun®™ denotes colimit preserving (additive) functors.

Proof. The quasi-inverse is given by left Kan extension. Note first that, since ) is fully faithful, we
obtain an adjunction

Vi Fun® (A, B) = Fun®(Mod(A), B) : V*.

We need to prove the following statements:

125
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(a) ) is fully faithful, i.e., the unit id = Y*)) is an isomorphism.
(b) W(F): Mod(A) — B preserves all colimits, for F' € Fun®(A, B).
(¢) The restriction of Y* to Fun®"™(Mod(A), B) is conservative.

Let us assume these statements and show how to prove the statement: By (b) we obtain an
adjunction Y: Fun®(A4, B) = Fun®™(Mod(A), B) : V*. By (a), the unit n: id = Y*)) is an
isomorphism. It remains to show that the counit ¢: Y}V* — 1d is an isomorphism. But note that
the triangle identity says that the composite

y* ny y*y|y* Ve y*
is the identity. It follows that }*e is an isomorphism. As Y* is conservative by (c¢), we deduce that

€ is an isomorphism.

Part (a) follows from Corollary 13.16.
We now prove (b). Let F € Fun®?(A, B) and consider the functor

Sing: B — Mod(A),
B — Homg(F(-), B).

We claim that Sing, is a right adjoint of ) F. For any M € Mod(.A) and B € B we have natural
isomorphisms

Hom(M, Sing»(B)) = Hom (Hom(Y(-), M), Homg(F (), B)) (Yoneda lemma)
=~ Hom(Hom(—, M), Y, Homg(F ( ) B)
=~ Hom (Hom(—, M), Homp(W F B))
=~ Homg ((WF)(M), B).

The penultimate isomorphism holds, because V) F' is a pointwise Kan extension by Proposition 13.14.

It remains to prove (c). Let a: F' — G be a natural transformation of colimit-preserving functors
F,G: Mod(A) — B such that Y*(a) is an isomorphism. Let M € Mod(A). By Lemma 13.13 the
canonical map

) (right Kan extension)

colim Y(A) = M
(A, f)ey/M

is an isomorphism. Since F, G commute with colimits, the diagram
F(M) —— colim4 ryey/am Y*(F)(A)
aMJ( Nlcolim V*(a)a
G(M) — colim4 r)ey/nm Y*(G)(A)
is commutative. We deduce that a; is an isomorphism as desired. O

Definition 21.3. Let A be an additive category. A functor F': A°? — Ab is called coherent if there
exist A, B € A and an exact sequence

HOmA(_,B) — HOmA(—,A) —F—=0
in Mod(A). We denote by Coh(A) C Mod(A) the full subcategory of coherent functors.
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Definition 21.4. Let A be an additive category. We say that A has weak kernels if for all maps
A — B in A there exists a map C' — A such that the sequence

Hom4(—,C) = Hom4(—, A) — Homu(—, B)
in Mod(A) is exact.
Example 21.5. Every triangulated category has weak kernels by Proposition 4.7(ii).
The main result about coherent functors is the following:
Proposition 21.6. Let A be an additive category.
(i) The Yoneda embedding Y: A — Mod(A) factors through an embedding Y.: A — Coh(A).

(ii) Coh(A) is an additive category and is closed under cokernels in Mod(A). Moreover each
Hom(—, A) is projective and Coh(A) has enough projective objects.

(#ii) Coherent functors A°® — Ab preserve all products (which ezist in A°P).
(iv) If A has all direct sums, then Coh(A) has all direct sums and Y. preserves them.

(v) The category Coh(A) has the following universal property: Let B be an additive category in
which cokernels exist. Then precomposition with ). induces an equivalence of categories

YV Fun™(Coh(A), B) = Fun®4(A, B),

where Fun*®* denotes additive functors which preserve cokernels.
(vi) Suppose that A has weak kernels. Then Coh(A) C Mod(A) is an abelian subcategory.

Proof. Part (i) is obvious.

Let us prove (ii). It is clear that Coh(A) is additive and that each Hom4(—, A) is projective
(by the Yoneda lemma), so that Coh(.A) has enough projectives. It remains to prove that Coh(.A)
is closed under cokernels in Mod(.A). Let ¢: F — F’ be a map in Coh(.A) with cokernel F' — F”
in Mod(A). Choose presentations Y(B) — Y(A) - F — 0 and Y(B’) —» Y(A) - F' — 0 and

consider the commutative diagram

Homa(_, B) —— Homa(_, B') — Homa(_, A& B)

l l 3

——— Homy(—, A4")

N S

/ F// 0

the horizontal maps on the left can be chosen by the projectivity of Hom4(—, A) and Hom4(—, B).
The map f is obviously surjective, and a diagram chase shows that the image of g coincides with
the kernel of f. Hence F” is coherent and a cokernel in Coh(A).

We now prove (iii). Let F' be a coherent functor with presentation Y(B) — Y(A4) — F — 0. Let
(Xi)ier be a family of objects in in A such that the direct sum @, ; X; exists. Then we have a
commutative diagram

iel
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HomA(@ielXi,B> SN HomA(@ielXi,A> SN F(@ieIXi) — 0

[Lie; Homa(Xs, B) —— [];c; Homa(Xi, A) —— [l F(Xi) —— 0,
so we conclude from the five lemma that F': A°P — Ab preserves all products (which exist in A°P).
For part (iv), assume that A has all direct sums and consider the commutative diagram

Hom (Y, <@iel Xi>,F) — F(@iel Xi)

| 5

[Lic; Hom(yc(Xi)7F) — [Lies F(Xa).

We deduce that the left vertical map is an isomorphism, which shows that ). preserves all direct
sums. Let now (F});cs be a family in Coh(A) with presentations Y(B;) — Y(A;) — F; — 0. Put
F = Coker(V(P,c; Bi) = Y(P,c; Ai)). For all G € Coh(A) we then have a commutative diagram

0 —— Hom(F,G) — Hom(Y. (@ieIAi),G) s Hom(). (@iel Bi),G)

J I~ [~

0 —— [[;e; Hom(F;, G) —— [,y Hom(YV.(4i), G) —— [[,c; Hom(Ve(B;), G).

The five lemma shows that the left vertical map is an isomorphism, i.e., I’ is the direct sum of the
F; in Coh(.A). Note here that the direct sum is not formed pointwise!

We now prove (v). Choose an embedding j: B < B’ into a cocomplete category B’ such that j
preserves cokernels. For example B’ = Fun®dd (B, Ab°?) has the desired properties, where j is the
opposite Yoneda embedding given by j(B) = Homg(—, B)°?: B — Ab°?. We have a commutative
diagram

Fun®(A, B) e pupadd (Coh(A), B)

[ l

Funadd(A7 B/) T Funadd(COh(A)y B/)a

where the vertical maps are fully faithful since j is fully faithful. Moreover, we have an adjunction
Ver: Fun® (A, B') = Fun®(Coh(A), B') : V7.

We first show that the essential image of YV, lies in Fun"*(Coh(.A), B’). We denote by i: Coh(A) —
Mod(A) the inclusion, which commutes with cokernels by (ii). Again by Corollary 13.16 we know
that the unit id = ¢*4, is an isomorphism. Now, let F': A — B’ be an additive functor. Then
VIF: Mod(A) — B’ preserves all colimits, hence its restriction i* Y| F = i*iyYu F = V.| F preserves
cokernels as desired.
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As every coherent functor is a cokernel of representables and B is admits cokernels which are
preserved by j, it follows that ). restricts to a functor Fun®d4(A4, B) — Fun™(Coh(A), B). Hence,
we obtain an adjunction

Ver: Fun®(A, B) = Fun™*(Coh(A), B) : V*.

Again, YV, is fully faithful by Corollary 13.16, and Y is conservative by the five lemma. As in the
proof of Theorem 21.2 we deduce that ), is an equivalence of categories with quasi-inverse V7.

We finally prove (vi). We will show that Coh(A) C Mod(A) is an abelian subcategory. By (ii),
Coh(A) is closed under cokernels. It remains to prove that Coh(A) is closed under kernels. So let
0 — F' — F — F" be an exact sequence in Mod(.A) with F, F” € Coh(.A). We will prove that F” is
coherent. Let Homy4(—, B) = Homy(—, A) = F — 0 and Hom 4(—, B”) = Homy4(—, A”) = F" —
0 be presentations of F' and F”, respectively, and consider the following commutative diagram:

Hom 4(—, B) —— Hom4(—, B")

|

Hom 4(—,A) —— Hom4(—, A")

|

0 had F had 0,

where the horizontal maps can be chosen, because Hom 4(—, A) and Hom4(—, B) are projective by
(ii). Since A has weak kernels, we find A’ € A and a map A’ — A @® B” such that the sequence
Hom4(—, A’) — Homy(—, A® B"”) — Homy4(—, A”) is exact. Similarly, we find B’ € A and a map
B’ — A’ & B such that the sequence Hom 4(—, B’) — Hom4(—, A’ @ B) — Homy4(—, A) is exact.
A diagram chase then shows that

Homy(—, B") - Homy(—, 4") - F' =0
is exact, i.e., I is coherent. O

Exercise 21.7. Let A be an abelian category and suppose that A has enough projective objects. Let
P C A be the full subcategory of projective objects. Show that the functor

A = Coh(P),

A HomA(_7A)|P

is an equivalence of categories.

§22. The Abelianization of a Triangulated Category

Proposition 22.1. Let (C,T) be a triangulated category.

(i) The category Coh(C) is abelian and the Yoneda functor Y.: C — Coh(C) is cohomological.
(ii) Let A be an abelian category. Then precomposition with ). induces an equivalence

Vi1 Fun®™(Coh(C), A) = Fun®"(C, A)
coh

of categories, where Fun®" is the category of cohomological functors and Fun® denotes exact
functors (between abelian categories).
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Proof. A weak kernel of amap g: Y — Z inC isamap f: X — Y sitting in a distinguished triangle
xLvszh T(X), because by Proposition 4.7(ii) the sequence

-+ = Home(C, X) — Home(C,Y) — Home(C, Z) — Home (C, T(X)) — - -+

is exact for every C' € C. Hence, by Proposition 21.6(vi) Coh(C) is abelian, and clearly V.: C —
Coh(C) is cohomological.
It remains to prove (ii). By Proposition 21.6(v) we have an equivalence of categories

YVi: Fun**(Coh(C), A) = Fun®4(C, A).

Since Y.: C — Coh(C) is cohomological, it is clear that for any exact functor H: Coh(C) — A, the
composed functor H o)), is cohomological. Conversely, let H: C — A be a cohomological functor,
and let H: Coh(C) — A be a right exact functor such that H o J. = H. We need to show that H
is also left exact. To this end, let 0 = F/ — F — F” — 0 be a short exact sequence in Coh(C). We
may then construct a commutative diagram

0—— V(C") —— V.(C) —— Y.(C") —— 0

| |

0 —— V(B Ye(B) —— Y(B") —— 0

| l |

J

0 —— Ve(A) —— V(A) —— YV (A") —— 0
0 F F F 0,

where the first three rows are split exact (as every J.(X) is projective), and where C" ENy TN

A" — T(C") is a distinguished triangle in C. Applying H and using H o ). = H, we obtain a
commutative diagram

H(C) —— H(C") —— 0

| |

where the rows and the first and third columns are exact, and where the second column is a complex
which is exact at H(A). A diagram chase now shows that H(F') — H(F) is injective, hence H is
exact. 0
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Proposition 22.2. Let (C,T) be a triangulated category. Then there is a canonical equivalence
Coh(C)°P = Coh(CP)
of abelian categories.

Proof. It suffices to check that the cohomological functor YoP: C°P — Coh(C)°P satisfies the universal
property of Coh(C°P) (see Proposition 22.1). Let A be an abelian category. Then we have a
commutative diagram

Fun®(Coh(C)°P, A) == Fun®*(Coh(C), .A°P)°P
ey | =@
Fun®"(C°P, A) =———= Fun®"(C, A°P)°P,
We deduce that the left vertical map is an isomorphism, which proves the claim. O

Corollary 22.3. Let (C,T) be a triangulated category. Then Coh(C) is an abelian Frobenius
category.

Proof. Note that Coh(C) is abelian by Proposition 22.1. We already know by Proposition 21.6(ii) that
the category Coh(C) has enough projectives, and that the representable functors J.(X) € Coh(C)
are projective for each X € C. In order to show that Coh(C) is Frobenius (i.e., that it also has
enough injectives and that the classes of projective and injective objects coincide), it suffices to
show that there is an equivalence

Coh(C)°P = Coh(C°P)

of categories. To this end, it suffices to check that Coh(C)°P satisfies the universal property of
Coh(C°P): The map YSP: C°? — Coh(C)°P given by the opposite of the Yoneda embedding C —
Coh(C) is clearly cohomological. Let now A be an abelian category. Then we have equivalences

Fun®”(C°?, A) = Fun®"(C, A°P)°P = Fun®™(Coh(C),.A°P)°P = Fun®™(Coh(C)°P, A),
and it is easily checked that it is induced by precomposition with YgP. This finishes the proof. [

Corollary 22.4. Let (C,T) be a triangulated category with arbitrary direct sums. Then Coh(C) is
ABJ (the formation of arbitrary direct sums is exact).

Proof. Coh(C) has all direct sums by Proposition 21.6(iv) and enough injectives by Corollary 22.3.
Hence Coh(C) is AB4 (cf. Exercise 20.13). O

§23. Brown Representability

Definition 23.1. Let (C,T) be a triangulated category admitting countable direct sums. A set Py
of objects in C is called a set of generators if it satisfies

(PG1) If X € C is such that Home(T™(P), X) =0 for all n € Z and P € Py, then X = 0.

Moreover, we call Py a set of perfect generators if in addition it satisfies:
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(PG2) Given a countable family of maps {X; EIN Yi}ier in C such that Home (P, X;) —» Home (P, Y;)
is surjective for all i and P € Py, then the induced map

Homg (P, 62 Xi) — Homg (P, @ E)

is surjective for all P € Py.

Lemma 23.2. Let C be an additive category with arbitrary direct sums and weak kernels. Let Py be
a set of objects in C and denote by P C C the full subcategory spanned by all direct sums of copies
of objects in Py.

(i) The category P has weak kernels and Coh(P) is abelian.
(i) The functor Coh(C) — Coh(P), F F|7> is exact.

(#ii) The composite C ey Coh(C) — Coh(P) preserves countable direct sums if and only if (PG2)
holds.

Proof. We first observe that every X € C has an approximation in P, that is, there exists a map
P — X with P € P such that Hom(Q, P) — Hom(Q, X) is surjective, for all Q) € P; just consider
P=@gep, @° Hom(@.X) and the canonical map P — X.

For part (i) it suffices to show that P has weak kernels as then Proposition 21.6(vi) shows that
Coh(P) is abelian. Let f: P — P, be a map in P. Then the composite of a weak kernel X — P;
in C and an approximation Py — X is a weak kernel for f.

For part (ii) the only non-trivial statement is that for F € Coh(C) the restriction F ’73 is
again coherent. We may assume F' = Home(—, X) for some X € C. Consider the sequence
prLx sph X, where h and f are approximations and g is a weak kernel of h in C. By
construction the sequence

Homyp(—, P') = Homp(—, P) = Home(—, X)|, = 0

is exact.

Finally, we need to show (iii). Denote by ¢: P < C the inclusion and by ¢*: Coh(C) — Coh(P)
the induced restriction functor.

Step 1: ¢*). commutes with countable direct sums if and only if so does *.

The “if”-direction is clear since ). commutes with countable direct sums. Suppose now that
©*Y. commutes with countable direct sums. Let {F;};c; be a countable family in Coh(C) and
choose presentations V.(X;) — V.(Y;) — F; — 0. Since ¢* is exact by (ii), we obtain a presentation
©* Ve (X;) = ©* Ve (Y;) = ¢*F; — 0 and hence an exact sequence

D e ve(Xi) > P e ye(vi) = P (F) = 0.

By Proposition 21.6 we obtain a presentation

yc(@Xi) —>y(EBY) —>@F 0.
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By applying ¢* and using that ¢*),. commutes with countable direct sums, we obtain an exact
sequence

@w*yc(Xi) = @@*yc(y;) o (@ Fi) 0.

We deduce that the map @, ¢*(F;) = ¢*(, Fi) is an isomorphism.

Step 2: ¢*: Coh(C) — Coh(P) admits a fully faithful left adjoint ¢y given by ¢(Homp(—, P)) =
Home (—, p(P)) for all P € P.

Observe that we have an adjunction ¢;: Mod(P) = Mod(C) : ¢*, where ¢y is given by left Kan
extension along °P: PP — C°P. As ¢ is fully faithful, so is ¢y by Corollary 13.16. Moreover, the
diagram

commutes, because for all F' € Mod(C) and P € P we have natural isomorphisms
Hompeq(c) (ycgp(P), F) >~ F(p(P)) = Hom(yc(P), o (F)) = Hom(go!yc(P), F),

and hence ), = V. by the Yoneda lemma. It follows that ¢, preserves coherent functors. Further,
©* preserves coherent functors by (ii). Hence, we obtain an adjunction ¢;: Coh(P) & Coh(C) : ¢*.
Step 3: End of the proof.
Observe that a coherent functor F' € Coh(C) lies in Ker(¢*) if and only if F' is the cokernel of
Vo(X) = YY), for some map X — Y, such that for all P € P the induced map Home (P, X) —»
Home¢ (P,Y) is surjective. We conclude with the following equivalences:

(PG2) holds <= Ker(y") is closed under countable direct sums
<= ¢*: Coh(C) — Coh(P) preserves countable direct sums  (Exercise 9.7)
<= C — Coh(P) preserves countable direct sums.

O

Theorem 23.3 (Brown Representability). Let (C,T') be a triangulated category with arbitrary direct
sums. Suppose that C admits a set Py of perfect generators.

(i) If L C C is a triangulated subcategory which is closed under arbitrary direct sums and contains
Po, then L =C.

(ii) Let H: C°® — Ab be a cohomological functor which preserves arbitrary products (i.e., H sends
arbitrary direct sums in C to products in Ab). Then H is representable, that is, there exists
X € C and a natural isomorphism

Home(—,X) = H

of functors C°? — Ab.
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Proof. Replacing Py by U,z T"(Po), we may assume T+ (Py) = Py. We denote by P C C the full
subcategory spanned by all direct sums of the P for P € Py. Let £ C C be the smallest triangulated
subcategory which is closed under all direct sums and contains Py.

Let H: C°® — Ab be a cohomological functor which preserves arbitrary products. We will
inductively construct maps f;: X; — X;41 in £ and ¢;: Y(X;) — H in Mod(C) such that for all
1 € Z>o we have:

(a) ¢i = git10V(fi);
(b) The map ¢;41,p: Home(P, X;11) —» H(P) is surjective, for all P € Py;

(¢) Ker(Home (P, X;) ELN Home (P, X;41)) = Ker(¢;p), for all P € Py.

We put Xog = 0 and let ¢g: Y(Xo) — H be the zero map. We define X; = ®P€PU POH(P) ¢ p.
Observe that

Hom(Y(X,), H) = H(X:) = [[ I H#®P) = [] Homs«(H(P),H(P)),

PePy H(P) PeP,

and so we let ¢1: Y(X1) — H be the map corresponding to the identity on H(P) for each P € P.

Note that the map ¢1p: Home(P, X1) — H(P) is surjective by construction, for each P € Py.
Suppose that we have constructed X;, and maps f;_1: X;—1 = X, ¢;: Y(X;) — H satistying

(a), (b) and (c), for all i < n. Consider the object K, = @pcp, PoKer(@n)(P) ¢ £ and the

map k,: K, — X,, given by f: P — X,, on the summand corresponding to f € Ker(¢,)(P) C

Hom(P, X,,). Observe that the composite Y(K,) — Y(X,) LNy vanishes, because the corre-

sponding element in H(Ky) = [[pep, [Iker(,)(p) H(P) is zero. In other words, k, factors as

V(K») — Ker(¢n) = V(Xn).
We now complete k,,: K,, — X,, to a distinguished triangle
(23.1) K, X, I X — T(K,)
in L. Since H is cohomological, we obtain a commutative diagram

H(fn) H(kn)

Hom(Y(X,4+1), H) —— Hom(Y(X,), H) —— Hom(Ker(¢,), H) —— Hom(Y(K,), H)

H(Xy)
H

in Ab, where the top row is exact. Identifying ¢,: Y(X,,) — H with an element of H(X,,), we

deduce H(ky)(dn) = 0 from the fact that the composite Ker(¢,) — V(X,) “n, H vanishes. Hence,

we find ¢n 1 € Hom(V(Xn41), H) = H(Xy41) such that ¢np1 0 YV(fn) = H(fn)(dn+1) = ¢5. Thus,
we have constructed maps f,: X,, —» X,41 and ¢,41: Y(Xnt1) — H such that (a) is satisfied.
Then (b) and the inclusion “C” in (c) are a formal consequence of (a). For the converse inclusion in
(¢), we apply the cohomological functor Home (P, —) (where P € Py) to the distinguished triangle
(23.1) to obtain an exact sequence

Home (P, K,,) +2% Home (P, X,,) 2 Home (P, Xpi1).
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It therefore suffices to show that Ker(¢,p) C Im(k,.), for any P € Py. To this end, let o €
Ker(¢,p) = Ker(¢,)(P) € Home (P, X,,). Denoting by &: P = @ prcp, K@) = K, the
inclusion into the component corresponding to «, we obtain k, o @ = « as desired. This completes
the construction.

Consider the distinguished triangle

(23.2) P x, L P X - X - T(EP X)),
i>0 i>0 i>0

so that X = hocolim; X; € L. Since H is cohomological and commutes with countable products,
we obtain an exact sequence

H(X) - ﬁ H(X,) doshift, ﬁ H(X;).
=0 =0

Viewing ¢;: Y(X;) — H as an element of H(X;), we observe that (¢;); is killed by id — shift. Hence,
there exists ¢ € H(X) mapping to (¢;);. In other words, the ¢;: Y(X;) — H give rise to a map
¢: V(X) — H.

Note that by (a)—(c) there are commutative diagrams

0 —— Ker(¢y)|, — Home(—, X,)|, —%— H|, 0
il [ H
0 — Ker(¢iy1)|, — Home(—, Xiy1)l, = H|, 0.

By passing to direct sums, and noting that €, Ker(¢;) |7> — @, Home (—, X;) |P is a monomorphism
as Coh(C) is AB4 by Corollary 22.4 and Coh(C) — Coh(P) is exact and preserves countable direct
sums by Lemma 23.2, we obtain a commutative diagram

0 ——— Ker(id — shift) ——— 0
0 — P2, Ker(di)|, — @2, Home(—, Xi)|,, —— B2y H|, — 0
id—0 |~ lid—shift lid—shift
0 — P2, Ker(di)|,, — @2 Home(—, X;)|,, —— B2 H|, — 0
0

——— Coker(id — shift) ————— H|, ——— 0

with exact rows and columns. Hence, the middle column constitutes an exact sequence

0 — €D Home(—, X;)|, =" @) Home (—, X;)|,, — H|, — 0.
1=0 1=0
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By Lemma 23.2 we obtain an isomorphism €, Homc(f,XZ-)|P = Home(—, P, Xi)‘P'
applying the cohomological functor C — Coh(P) to (23.2) yields a short exact sequence

Therefore,

— 0,

0 — €D Home(—, X;)|, <=5 @) Home (-, X;)|,, — Home(—, X)|,,
1=0

i=0
where we have used that P is closed under translation. Combining both short exact sequences, we
deduce that

(23.3) ¢|p: Home(—, X)|, = H|,

is an isomorphism. It remains to show that ¢ is an isomorphism. Let 7 C C be the full subcategory
spanned by the objects Y such that ¢ri(yy: Home(T*(Y),X) — H(T*(Y)) is an isomorphism for
all i € Z. Since both Hom¢(—, X) and H are cohomological and commute with arbitrary products,
it follows that 7T is a triangulated subcategory which is closed under arbitrary direct sums. Since
also Py C T by (23.3), we deduce £ C T.

We are thus reduced to showing that £ = C. To this end, let Y € C be arbitrary. Applying the

previous discussion to H = Home(—,Y), we construct a sequence X Jo, X4 ELN L and a
map ¢: X = hocolim; X; — Y with X € £ such that the map

Home (T%(P), X) = Home (T(P),Y)

is an isomorphism for all ¢ and P € Py. Completing (E to a distinguished triangle X %Y 57—
T'(X), we deduce from the fact that Home (P, —) is cohomological that Home (P, Z) = 0 for all i

and P € Py. From (PG1) we get Z = 0, hence ¢: X — Y is an isomorphism. This shows Y € £
and hence £ = C, which finishes the proof. O

We first look at some consequences of Brown representability before we turn to examples.

Corollary 23.4. Let (C,T) be a triangulated category with arbitrary direct sums, which admits a
set Py of perfect generators.
(i) C admits arbitrary products.

(it) Let L: C — D be an ezact functor which commutes with arbitrary direct sums. Then L admits
an exact right adjoint.

Proof. For part (i), let {X;}; be a family of objects in C. We apply Theorem 23.3 to the cohomological
functor

H = HHomc(_,Xi): C°? — Ab.

We deduce that there exists X € C such that Home (Y, X) = [[, Home(Y, X;) naturally in ¥ € C.
In other words, X =[], X;.

For part (ii), we note that the functor Homp(L(—), D): C°® — Ab is cohomological and com-
mutes with arbitrary direct sums. Hence, by Theorem 23.3 there exists R(D) € C and a natural
isomorphism

Home (—, R(D)) = Homp(L(—), D).
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Then the R(D) assemble into a right adjoint R: D — C of L. Finally, R is exact by Proposition 6.5.
O

Definition 23.5. Let C be a triangulated category. An object X € C is called compact if the
functor Home (X, —): C — Ab commutes with arbitrary direct sums.

Corollary 23.6. Let (C,T) be a triangulated category which admits arbitrary direct sums. Suppose
that C admits a set Py C C of compact generators, i.e., a set of generators which are compact.
Then both C and C°P satisfy the hypotheses of Theorem 23.3.

Proof. We call a set Sy C C a set of symmetric generators if Sy satisfies (PG1) and

(PG3) there exists a set To C C such that for every map X — Y in C the map Hom¢(S, X) —»
Home(S,Y) is surjective for all S € Sy if and only if Home (Y, T) < Home (X, T) is injective
for all T € Ty.

Note that (PG3) implies (PG2). We deduce that if Sy is a set of symmetric generators, then Sy
(resp. To) is a set of perfect generators in C (resp. C°P).} It therefore suffices to prove that every
set of compact generators satisfies (PG3).

By the compactness it is clear that Py is a set of perfect generators, and hence Brown repre-
sentability holds for C. Hence, C°P admits arbitrary direct sums by Corollary 23.4. Fix any P € Py.
Then the functor

H:C° — Ab,
X — Homap (Homc (P, X), Q/Z)

is cohomological (since Q/Z is injective in Ab) and preserves arbitrary products (since P is compact).
By Theorem 23.3 we find Qp € C and a natural isomorphism Home(—,Qp) = H. Since Q/Z is
a cogenerator for Ab, we deduce that for any map X — Y, the map Hom¢ (P, X) — Home (P, Y)
is surjective if and only if Home (Y, Qp) — Home (X, @p) is injective. Since P was arbitrary, it
follows that Py satisfies (PG3). O

Example 23.7. Let A be a ring. Then Mod(A) is AB4* and D(Mod(A)) is compactly generated
by A: Indeed, A generates because Homp(mod(a)) (A, X) = H(X) for every X € D(Mod(A)); and
A is compact, because the formation of arbitrary direct sums in Mod(A) is exact, and hence H°
commutes with arbitrary direct sums.

From Brown representability we obtain an alternative proof of Theorem 17.11:

Theorem 23.8. Let A be an abelian category which satisfies AB4*. Suppose that A admits a set
T of injective cogenerators.? We write Kyinj(A) C K(A) for the smallest triangulated subcategory
containing T and which is closed under arbitrary products.

Then the inclusion Kpinj(A) — K(A) admits a left adjoint i: K(A) = Kuinj(A) and the composite
Khinj(A) = K(A) = D(A) is an equivalence of categories.

1To see that Tp is a symmetric set of generators of C°P, use that, if X L> y Loz X[1] is a distinguished

triangle in C°P, then Homcop (T, X') — Homeop (T, Y') is surjective if and only if Homcop (T, Z) < Homcop (T, X [1])
is injective.

2This means that every object of A embeds into a product of objects in Z. In particular Hom 4 (X, I) = 0 for all
I € 7 implies X = 0.
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Proof. We first show that for any I € Z we have a natural isomorphism
(23.4) Homy 4y (X, I) = Hom 4 (H’(X), I)
in X € K(A). We consider the commutative diagram

BY(X,I) —————— Homc(a)(X, ) ————— Homy(a)(X,I) — 0

y X 1

{f]fH*(X)) =0} —— Homu(X°/Im(d'),I) — Homu4(H*(X),I) — 0,

where B°(X, I) denotes the subgroup of null homotopic maps, and the lower row is exact since I is
injective. Then the right vertical map is an isomorphism by the five lemma.

We claim that Z C Kpinj(A) is a set of perfect cogenerators, i.e., a set of perfect generators in
Khinj(A)°P. Indeed, let X € Kyinj(A) such that Hom(X, I[n]) = 0 for all n € Z and I € Z. Then the
full subcategory 7 C Khinj(A) spanned by the objects ¥ such that Hom(X,Y[n]) =0 for all n € Z
is triangulated and closed under arbitrary products. As T contains Z, we deduce T = Kpinj(A).
Now the Yoneda lemma implies X = 0. Hence, Z is a set of cogenerators for Kpiyj(A). Let now
{X; — Y;}; be a countable family of maps in Kyinj(A) such that Hom(Y;,I) — Hom(X;,I) is
surjective for all I € 7 and all i. Since 7 is a set of cogenerators, the isomorphism (23.4) shows that
HY(X;) < H°(Y;) is a monomorphism. As H® commutes with arbitrary products and the formation
of products is left exact, we deduce that HO([], X;) — H°(]],Y;) is a monomorphism. Hence, in
the commutative diagram

Homy, () (Hi Y, 1 ) — Homg, ;) (Hi O )

Hom 4 (H°(T1, i), I) — Homa(H°(IT, X: ), 1)

the bottom horizontal map is surjective. It follows that the top horizontal map is is surjective, i.e.,
7 satisfies (PG2). Hence, T is a set of perfect cogenerators in Kpinj(.A).

Since the inclusion Kpinj(A) — K(A) preserves arbitrary products, it admits a left adjoint i
by Corollary 23.4. We denote by 7: idk(4) — i the unit of the adjunction. Let X € K(A). We
claim that nx: X — iX is a quasi-isomorphism. For each I € 7 and n € Z we have a commutative
diagram

HOIHK(A) (IX[TL], I) L> HOIHK(A) (X[TL], I)

Hom 4 (H"(iX), ) —— Hom 4 (H"(X), 1),

where the top horizontal map comes from the adjunction and the vertical maps are (23.4). We
deduce that the bottom horizontal map is an isomorphism. As 7 is a set of cogenerators, it follows
that H*(X) = H"(iX) is an isomorphism for all n. Hence, nx is a quasi-isomorphism.

Let now f: X — Y be a quasi-isomorphism in Kyinj(LA). We claim that f is an isomorphism.
Let T C Kpinj(A) be the full subcategory spanned by the objects Z such that f*: Hom(Y, Z[n]) =
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Hom(X, Z[n]) is an isomorphism for all n € Z. Then T is triangulated and closed under products.
From (23.4) we deduce Z C T, because f is a quasi-isomorphism. It follows that 7 = Kpin;j(A), and
then the Yoneda lemma implies that f is an isomorphism.

We now apply Corollary 10.9 (where we observe that (x) is satisfied since 7 is a quasi-isomorphism)
to deduce that the functor

Khinj (A) = Khinj (A)qis = K(-A)qis = D(-A)

is an equivalence of categories. O

§24. Grothendieck categories

Let F': A — B be a (left exact) functor between abelian categories. In Theorem 17.11 we found that
F extends to a derived functor on the unbounded derived categories if A is AB4*, i.e., arbitrary
products exist and are exact. However, many abelian categories of interest are not AB4* (e.g.,
sheaves on a topological space, quasi-coherent sheaves on a scheme, ...). Hence it is desirable to
prove the existence of unbounded derived functors from weaker conditions on A.

Example 24.1. Let X be the Hawaiian earring:

Then Shv(X, Ab) is an abelian category which does not satisfy AB4*. See [Wu] for details.
As it turns out, basically all abelian categories of interest are Grothendieck categories.
Definition 24.2. Let A be an abelian category.

(i) An object G € A is called a generator if the functor Hom 4 (G, —): A — Ab is conservative.
(ii) An abelian category A is called Grothendieck if it is AB5 (filtered colimits exist and are exact)
and has a generator.

Lemma 24.3. Let A be an abelian ABS3 category (i.e., A admits arbitrary direct sums). For an
object G € A the following conditions are equivalent:

(a) G is a generator.

(b) The functor Hom(G, —): A — Ab is faithful.

(c) The functor Hom (G, —) detects epimorphisms and monomorphisms.

(d) For every object A € A the canonical map GOHo™(GA) s A is an epimorphism.
Proof. Suppose that G is a generator. Let f: A — B be a map such that Hom4(G, f) = 0. Denote

by ¢: Ker(f) — A the inclusion of the kernel of f. Since Hom 4 (G, —) is left exact, we obtain an
exact sequence

0 — Hom(G, Ker(f)) 2 Hom4(G, A) % Homu(G, B).
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It follows that ¢, is an isomorphism. Since G is a generator, ¢ is an isomorphism, which shows f = 0.
Hence Hom 4 (G, —) is faithful.

For the implication “(b) = (c¢)” let f: A — B be a map such that f.: Homu(G,A) —
Hom 4 (G, B) is an epimorphism. Let p,q: B = C be two maps with pf = ¢f. Then p.fi = ¢« [«
and hence p, = ¢. as maps Hom4(G, B) — Homy (G, C) since f, is an epimorphism. But then
p = q since Hom 4 (G, —) is faithful, which shows that f is an epimorphism. A similar argument
shows that, if f, is a monomorphism, then so is f.

The implication “(¢) = (d)” is clear.

We show “(d) = (b)”. Let f,g: A = B such that f.,g.: Hom4(G, A) = Hom4(G, B) agree.
In other words, we have fyo = gp for every p: G — A. But then also fm = gm, where 7 denotes the
epimorphism G®Hem(G:4) 5 A, We deduce that f = g and hence Hom4 (G, —) is faithful.

Finally, the implication “(c) = (a)” follows from the fact that a morphism in an abelian category
is an isomorphism as soon as it is an epimorphism and a monomorphism. O

Remark 24.4. We analyze the conditions under which the implications in Lemma 24.3 hold. We
fix a category C.

The implication “(a) = (b)” holds if C admits equalizers, “(b) = (c)” always holds, “(c) <=
(d)” holds if C admits arbitrary coproducts, and “(c) = (a)” holds if a map in C is an isomorphism
as soon as it is monic and epic.

Lemma 24.5. Let A be an object in a Grothendieck category A. Then the subobjects of A form a
set.

Proof. Let G € A be a generator. Then Hom 4 (G, A) is a set, and it suffices to show that the class
of subobjects of A embedds into the power set of Hom4(G, A). Let f;: U; — A be subobjects
(1 =1,2). Put U :=U; x4 Us and consider the induced cartesian diagram

Hom 4(G,U) —— Homu (G, Us)

|-

Hom 4 (G, Uy) o Hom 4 (G, A).

If the images of f1, and fo, coincide, then the top horizontal and the left vertical maps are
isomorphisms. Since G is a generator, we conclude that the projections U =» U; are isomorphisms,
hence U; and U, are equivalent subobjects of A. O

Theorem 24.6 (Gabriel-Popescu). Let A be a Grothendieck abelian category. Then there exists a
ring A and an exact Bousfield localization

T: Mod(A) — A.
Proof. Let G € A be a generator and put A := End 4(G)°P. Consider the functor

H: A— Mod(A),
A H(A) =Homyu(G, A),
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where A acts on H(A) by functoriality through its action on G.

Step 1: H admits a left adjoint.
Let C C Mod(A) be the full subcategory spanned by the A-modules M such that the functor
Fy: A — Set,
A — Homy (M, H(A))

is corepresentable, that is, there exists T'(M) € A and a natural isomorphism
Ta: Homg (T(M), —) = Fiy.
We have A € C, Since we have a natural isomorphism
Hom 4(G, A) = H(A) 2 Homy (A, H(A)) = Fx(A).

We show that C is closed under arbitrary direct sums. Let {M;};c; be a family of A-modules in C.
Let mar,: Hom4(T(M;), —) = Fa, be natural isomorphisms. Then we have a natural isomorphism

Hom o (@ T(M:), ) = [ Homa(T(M:), —) 2% T] Homa (M, H(-)) = Homa (€ My, H(-) ),

i€l i€l icl i€l
which shows @, M; € C.
Next, C is also closed under cokernels. Let f: M — N be a map in C and denote by
Tav s Homy (T(M), —) = Fyy and Hom4(T(N), —) & Fy the natural isomorphisms. For every
A € A we have a commutative diagram

0 —— Hom 4 (Coker(T'(f)), A) —— Hom4(T(N),A) —— Homy(T'(M), A)

| NJTN {TM

0 —— Homp (Coker(f), H(A)) —— Homp (N, H(A)) —— Homy (M, H(A)).

By the five lemma, the left vertical map is an isomorphism, naturally in A. Therefore, Coker(f) € C
as desired.

Since every A-module M is the cokernel of a map A®/ — A®! and C contains A and is closed
under arbitrary direct sums and cokernels, we deduce M € C. Therefore, C = Mod(A). By
construction, the assignments M — T'(M) assemble into a left adjoint

T: Mod(A) — A,
M G M.

of H.

Step 2: If a map f: M — H(A) of A-modules is a monomorphism, then the adjoint ¢ :=
eaoT(f): T(M)— TH(A) — A is a monomorphism as well.

Observe first that the counit egen : TH(GP™) = G®™ is an isomorphism for all n > 0. We have
a commutative diagram

Homy (A, A®") == Homy (A, H(G®")) —— Homu (T(A), TH(G®™))

\ lec@n

HomA(G,G@").
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We deduce that every map G — G®" is of the form T'(v) for some v: A — A®™.

We prove the claim by contraposition. So let f: M — H(A) be a map such that K = Ker(¢) C
T (M) is non-zero. We will show that f is not a monomorphism. Choose an epimorphism 7: A®! —
M. Since filtered colimits are exact in A, the natural map

lig (G®J X (M) K) = G@I X (M) K
ﬁlgl
nite

is an isomorphism. We therefore find a finite subset J C I and a map u: G — G®” such that the
composite

G % el IO, po

is non-zero and factors through K. By the observation above, we have u = T'(v) for some v: A —
A®7. Now we have a commutative diagram

HTA) T2 groery 27 grory 9% ga)

m| mes| m»;\l /

A A@J

v s ?

from which we deduce v # 0 and fumr = 0. Hence, f is not a monomorphism.

Step 3: The functor H: A < Mod(A) is fully faithful.

We need to show that the counit e4: TH(A) = id4 is an isomorphism for every A € A.
Note that the triangle identity gives Hea o ng(a) = idga). Hence Hea = Homy(G,ea) is an
epimorphism, and then Lemma 24.3 shows that €4 is an epimorphism. Moreover, the identity
H(A) — H(A) is a monomorphism, and hence Step 2 shows that £4 is a monomorphism as well.
Since A is abelian, it follows that €4 is a natural isomorphism as desired.

Step 4: T': Mod(A) — A is exact.
As a left adjoint, T is right exact, so it remains to prove that 7" preserves monomorphisms. We
proceed in several steps. Let f: M < N be a monomorphism of A-modules.

(a) Suppose that N = A®" = H(G®") is finite free. Then we have a commutative diagram

r(M) 2D TH(GE)

S e

GO,
By Step 2 the oblique arrow is a monomorphism, and the vertical map is an isomorphism. It
follows that T'(f) is a monomorphism.

(b) Suppose that N = A% is free. Write N = lim | A®7 where J runs through the finite
subsets of I. Putting M, = f~1(A®”), we can write f: M — N as the filtered colimit of
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maps M; — A®7. Since T commutes with colimits and filtered colimits in A are exact, it
follows that

T(f) = lim T(M; — A®7)
JC

finit

o~

is a monomorphism.

(¢) The general case. Since Mod(A) has enough projectives, in order to prove that T is exact, it
suffices to show that the first left derived functor LT = 0 vanishes (cf. the dual of Remark 14.6).
So let M € Mod(A) and choose a resolution 0 - Q@ — F — M — 0 where F is free. We
obtain an exact sequence

0=L'T(F) - L'T(M) - T(Q) — T(F) — T(M) — 0.
By (b) the map T(Q) <+ T(F) is a monomorphism, which implies LT (M) = 0 as desired.
This finishes the proof that T is exact. O

Definition 24.7. Let A be an abelian category. An essential extension is a monomorphism A — E
in A such that for every non-zero subobject X C F it holds that AN X # 0.
As essential extension A < F is called an injective hull if E is an injective object in A.

Theorem 24.8. Let A be a Grothendieck category. Then A admits an injective cogenerator and
every object admits an injective hull.

Proof. Step 1: Ab has the injective cogenerator Q/Z.

Tt is well-known that an abelian group is injective if and only if it is divisible. Hence Q/Z is
injective. In order to show that Q/Z is a cogenerator, it suffices to show the following: Let A € Ab
be an abelian group and x € A\ {0}. Then there exists a homomorphism f: A — Q/Z with
f(z) # 0. Indeed, let (z) C A be the subgroup generated by z. If (z) is finite of order n, we put
g: (z) = Q/Z, iz — L. Otherwise, (z) = Z and we put g(iz) = . In any case we have g(z) # 0.
Since Q/Z is injective, g extends to a homomorphism f: A — Q/Z with f(z) # 0 as desired.

Step 2: Mod(A) (for a ring A) has the injective cogenerator Homap (A, Q/Z).

The forgetful functor Mod(A) — Ab is exact and admits a right adjoint Homap(A, —). Hence,
Homap (A, Q/7Z) is injective. It is also a cogenerator, because if M € Mod(A) injects into some
(Q/Z)!, then we have a commutative diagram

M —— Homap(A, (Q/Z)!) = Homap(A,Q/Z)!
l&%ﬂp(l)
Q/Z)".

It follows that the top horizontal map is a monomorphism as desired.

Step 3: We show that any Grothendieck category A with enough injectives admits injective
hulls.

Fix A € A and let A — I an embedding of A into an injective object I. The class X of essential
extensions of A in T is non-empty and a partially ordered set (by Lemma 24.5) with respect to
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inclusion. If (E,)q is a chain of essential extensions of A, then E = J, F, is again an essential
extension of A: Given any non-zero subobject X C E, we have X = (E, N X) because A is AB5
(and hence filtered colimits commute with finite limits). Hence E, N X # 0 for some «, and then
AN X # 0 because A — E, is essential. By Zorn’s Lemma we find a maximal essential extension
A < F inside I.

We now prove that F is a direct summand of I. By Zorn’s lemma we find a maximal subobject
Q C I with QN E = 0 (again, this uses that A is AB5). The composite f: E < [ LN I1/Q is a
monomorphism by construction. It is also essential: If X C I/Q is a subobject with f~1(X) = 0,
then p~1(X) N E = 0. By maximality of Q we have p~}(X) = Q, i.e., X = 0. Since [ is injective,
there exists a map ¢: I/Q — I making the following diagram commute:

E——1/Q
N

The image of ¢ is an essential extension of F, hence an essential extension of A as is immediately
verified. We deduce Im(g) = E by maximality of E. It follows that the essential extension £ < I/Q
splits; but this implies that it is an isomorphism. This shows £ ® @ = I. In particular, F is an
injective hull of A.

Step 4: There exists a ring A and functors
i T
C T — Mod(A) —— A,
t H

where:

C* = {M € Mod(A) | Hom(C, M) = 0 = Ext' (C, M) for all C € C} C Ker(t).
(e) We have equalities Inj(Mod(A)) N Ker(t) = Inj(Mod(A)) NCt = Inj(C*), where Inj denotes the
class of injective objects. In particular, C* is closed under injective hulls.
By Theorem 24.6 there exists a ring A and an exact Bousfield localization
T: Mod(A) = A

with fully faithful right adjoint H. The inclusion C := Ker(T') < Mod(A) admits a right adjoint
t: Indeed, let M € Mod(A) and denote by npr: M — HT(M) the unit. Note that T'(nas) is an
isomorphism by Theorem 9.4(ii); in particular, Ker(nys) € Ker(T). Now, for every C' € C we have
an exact sequence

0 — Hom(C, Ker(ns)) — Hom(C, M) 23 Hom(C, HT(M)) = Hom(T'(C), T(M)) = 0.
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Hence, the right adjoint ¢: Mod(A) — C is given by t(M) = Ker(nas).
We now prove part (d). By Theorem 9.4(iv) it suffices to identify C with the essential image
of H, that is, the full subcategory of H-local objects. For C' € C and A € A we have

Hom(C, H(A)) = Hom4(T(C), A) = 0.

Let now 0 — H(A) I, E — € — 0 be a short exact sequence. As T is exact and T'(C') = 0, it follows
that f is an H-local equivalence. In other words, precomposition with f induces an isomorphism
Hom(FE, H(A)) = Hom(H(A), H(A)). We deduce that the short exact sequence splits, and hence
Ext'(C,H(A)) = 0. Therefore, the H-local objects are contained in C+. Conversely, let M € C*+
and let f: N — N’ be an H-local equivalence. As T is exact, this means Ker(f), Coker(f) € C.
The exact sequences 0 — Ker(f) = N — Im(f) — 0 and 0 — Im(f) — N’ — Coker(f) — 0 induce
exact sequences

0 — Hom(Im(f), M) — Hom(N, M) — Hom(Ker(f), M) =0
and
0 = Hom(Coker(f), M) — Hom(N’, M) — Hom(Im(f), M) — Ext'(Coker(f), M) = 0.

It follows that f*: Hom(N’, M) = Hom(Im(f), M) = Hom(N, M) is an isomorphism, i.e., M is
H-local.

Finally, let us establish (e). The first equality is clear from the fact that Ext'(—,I) = 0 for any
injective A-module I. By (d) the inclusion Ct C Mod(A) is left exact and has an exact left adjoint.
Therefore, the inclusion preserves injectives, we shows Inj(C1) C Inj(Mod(A)) N C*. On the other
hand, the left exactness visibly implies Inj(Mod(A)) N C+ C Inj(C1).

It remains to check that C* is closed under injective hulls. Let A € C* and let A — FE(A) be the
injective hull in Mod(A). Then ANt(E(A)) = 0, and hence ¢(E(A)) = 0 because E(A) is an essential
extension of A. Hence E(A) € Inj(Mod(A)) N Ker(t) C Inj(C*), by our previous observations. In
particular, if A is injective in C*, then A is a retract of E(A) and hence also injective in Mod(A).

Step 5: End of the proof.

By step 4, every object A € A admits an injective hull, say E(A). Moreover, G = T(A) is
a generator of A, and the class S of subobjects of G forms a set by Lemma 24.5. We claim
that I := [[;cs £(G/U) is an injective cogenerator of A. It suffices to prove that every non-zero
object A € A admits a non-zero map A — [. But this is clear because, since G is a generator,
there is a non-zero map G — A, which induces an embedding G/U — A. But then the inclusion
G/U < E(G/U) C I extends to a non-zero map A — I as desired. O

We will use the following deep fact without proof:

Fact 24.9. Let A be a Grothendieck category. Then D(A) is locally small.
Proof. This is proved in Theorem B.21. See also [Kra2l, Proposition 4.3.8]. O

Theorem 24.10. Let A be a Grothendieck category. Then the functor Q: K(A) — D(A) is a
Bousfield localization.
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Proof. Choose an exact Bousfield localization T': Mod(A) — A, for some ring A with fully faithful
right adjoint H (see Theorem 24.6). Then also K(T'): K(Mod(A)) — K(A) is a Bousfield localization
with fully faithful right adjoint K(H). Note that Mod(A) is AB4* and admits an injective cogenerator
by Theorem 24.8. By Theorem 23.8 the functor Q4 : K(Mod(A)) — D(Mod(A)) is a Bousfield
localization. Moreover, there is a derived functor

D(T): D(Mod(A)) — D(A),

where T' commutes with arbitrary direct sums, D(.A) is locally small by Fact 24.9, and D(Mod(A))
is compactly generated by Example 23.7. Now Corollary 23.4 provides a right adjoint RH: D(A) —
D(Mod(A)) of D(T'). Consider now the following commutative diagram

K(Mod(A)) —22 D(Mod(A))
K(T)l lD(T)
K(A) —24 5 D(A)
in which K(T') is a Bousfield localization and D(T)Qx : K(Mod(A)) — D(A) admits a right adjoint.
Applying Lemma 8.8 with (C,S,D,T) = (K(Mod(A)), K(T)~*({iso}),D(A), {iso}) shows that the

localization functor @ 4: K(A) — D(.A) admits a right adjoint (which then is necessarily fully faithful
by Exercise 8.11). Hence, @ 4 is a Bousfield localization. O

B. Presentable categories

The goal of this section is to give a proof of Fact 24.9. This will be achieved in Theorem B.21.

Definition B.1. A cardinal & is called regular if for every collection (\;);es of cardinals we have
Y icr Ai < w provided that [I| < x and A\; < & for all i € I.

Example B.2. (i) N is regular.

(ii) The successor k™ of an infinite cardinal & is regular. In particular, there exist infinitely many
regular cardinals.

Definition B.3. Let k be a regular cardinal. A category Z is called x-filtered if:
o T+ w;

e for any family of objects (x;);er with |I| < x there exists € 7 and morphisms x; — z, for
all 4;

e for any family of morphisms (f;: x — y);er with |I| < k there exists a morphism f: y — 2
such that fo f, = fo f; for all ¢, j.

The colimit over a k-filtered diagram will usually be denoted by “@” instead of “colim”.

Example B.4. (i) A Ny-filtered category is the same as a filtered category.
(ii) If A < k are regular cardinals, then every r-filtered category is also A-filtered.

(iii) The category Set™ of k-small sets is s-filtered, for any regular cardinal .
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(iv) If k is a regular cardinal and C is a category admitting x-small colimits, then C is s-filtered.

An important property of the category Set is that s-filtered colimits commute with x-small
limits:

Lemma B.5. Let k be a regular cardinal. Let T be a small k-filtered category and J a k-small
category. Then for every functor F: T x J — Set the canonical map

lghm F(i,j) = hm lﬂF(@ 7)
ez’ zEI

is an isomorphism.

Proof sketch. An element of the right hand side consists of a function ¢: Ob(J) — Ob(Z) and
objects z; € F(¢(j),j) for all j € J which are compatible under the transition maps. As T is
k-filtered and J is k-small, there exists ¢ € Z and maps f;: ¢(j) — ¢ for all j € J. Then the image
of the z; in F'(i,j) assemble into an element of the left hand side, which shows that the map is
surjective.

For injectivity, let z,y € hgl lim; F'(4, j) whose images in lim; hglZ F(i,7) agree. Fix ig € Z such
that «,y € lim; F(ip,j). Then for each j € J there exists f;: i9 — 4; such that z; = y; in F(i}, 7).
As T is k-filtered and J is k-small, we find 41 € Z and maps g;: i; — %1 in Z such that g; f; = g, f;
for all j,j" € J. But then x = y in lim; F'(i2, j), which proves injectivity. O

Lemma B.6. Let k be a regular cardinal.

(i) Every small category T is a k-filtered union of k-small categories.

(it) Let C be a category and X: T — C a diagram. Suppose that T =J,c 7 Z; is a r-filtered union
and that the colimit colim;ez, X; exists in C, for all j € J. Then the canonical map

lim colim X —>coth
ng i€Z;

is an isomorphism (that is, if either colimit exists, then so does the other, and the map is an
isomorphism)

Proof. For part (i), let ( ) be the partially ordered set of all k-small subcategories of Z. Then (N)
is x-filtered and Z = | 7e(?) J is a k-filtered colimit of k-small categories.

Part (ii) follows easily by comparing the universal properties. O

Definition B.7. Let « be a regular cardinal and C a cocomplete category. An object X € C is
called k-compact if the functor

Home (X, —): C — Set
commutes with k-filtered colimits. We denote by C* C C the full subcategory of k-compact objects.

Example B.8. (i) If A is a ring, then a A-module is compact (i.e., Rg-compact) if and only if it
is finitely presented.

(ii) If A < k are regular cardinals, then every A-compact object is also k-compact: C* C C*.
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Lemma B.9. Let k be a regular cardinal and C a cocomplete category. Then C* is closed under
K-small colimits.

Proof. Let (X;)jes be a k-small diagram in C*. For any k-filtered diagram (Y;);cz in C we compute

ligHom(c](_)el'anj7 Y;) & h%li?l Hom(X,,Y;)

iel
= 1imligr1Hom(Xj,Yi) (Lemma B.5)
T
= 1i]mHom(Xj,lil£Yi) (X; eCr)

= Hom(cogim X, lizgYi),

which shows colim; X; € C* as desired. O

Lemma B.10. Let F: C = D : U be an adjunction and & a reqular cardinal. If U preserves
k-filtered colimits, then F(C*) C D*.

Proof. Let C' € C* be k-compact and D = ligi6 . D; a k-filtered colimit in D. Then

lim Hom(F(C), D;) = lim Hom(C, U(D;))

e il

= Hom(C, hgl U(D;))

el
= Hom(C, U(ling D;))
el
= Hom(F(C),lim D;),
=

which shows that F'(C) is k-compact. O

Definition B.11. Let « be a regular cardinal. A category C is called k-presentable if it is cocomplete,
C" is (essentially) small and every object is a s-filtered colimit of k-compact objects.
The category C is called presentable if it is k-presentable for some k.

Proposition B.12. Let C be a k-presentable category, for some regular cardinal k.

(i) C is A-presentable, for every regular cardinal \ > k.

(i) Let X > k be a regular cardinal. Then every A-compact object is a A-small, k-filtered colimit
of K-compact objects.

(1ii) C =, C*, where \ runs through the reqular cardinals. In particular, every small set of objects
of C is contained in C*, for some reqular cardinal k.

Proof. Let X = hﬂz’ez X; be a r-filtered colimit of k-compact objects, and let A > x be a regular
cardinal. By Lemma B.6 we also have

X = lim colim X,
?IE i€T;
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where J is Mfiltered and each Z; is A-small. As each colim;ez; X; is A-compact by Lemma B.9,
we deduce part (i). If moreover we assume that X is Ad-compact, then the identity X — X factors
through colim;ez; X; for some j € J. Hence, X is a retract of colim;ez; X; and therefore itself a
A-small colimit of k-compact objects. This proves (ii). Finally, for part (iii) we pick some regular
cardinal p > k with |Z| < p. Then X = colim;ez X; is p-compact by Lemma B.9. O

Example B.13. The categories Set, Ab and Mod(A), for a ring A, are Ryp-presentable.
The category Top of topological spaces is not presentable.

Lemma B.14. Let k be a regular cardinal and C a k-presentable category.

Then every morphism f: X —Y is of the form
where T is a k-filtered category. Moreover, if A > k is a reqular cardinal such that C* is \-small
and X,Y € C*, then the category T can be chosen to be A\-small.

Proof. Let f: X — Y a map in C, and choose a regular cardinal A > x such that C" is A-small and

)\ . . oy . 1 . _ 1 : _
X,Y € C* (it exists by Proposition B.12). We write X = lim X and Y = 1£>an‘7 Y; as A-small
and k-filtered colimits with X;,Y; € C*. Consider the category

K=7 Xer )y Fun([l},C“/Y) Xer )y J.

The objects are triples (i, j, ¢) consisting of objects ¢ € Z, j € J and a morphism ¢: X; — Y; such
that the diagram

iL’Yj

X
commutes. A morphism (i,5,¢) — (¢/,5,¢) is a pair (a, ) consisting of maps «: i — i’ and
B: 7 — j' such that the diagram

commutes. We make the following claims:

(i) K is A-small and x-filtered.
(ii) The projection maps pr: K — Z and ps: K — J are cofinal.

iii) Let ¢: Xo 0 pr — Y, 0 ps be the natural transformation of functors K — C*/Y given by the
14 J
projection K — Fun([1],C"/Y"). Then the following diagram commutes:

. lime
lim X, ) —— lim Yy, )
kex kex

-
XﬁY.
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We first show (i). Since C*, Z and J are A-small, it is clear that K is k-small and non-empty. Let now
(kn)nen in K with |N| < k. As T is k-filtered, there exists i € 7 together with maps pz(k,) — ¢
for all n € N. As X; is k-compact, the composite X; - X — Y = ligljerj factors through
some Yj,. As J is k-filtered, there exists j € J and maps py(k,) — j and jo — j. Denoting by
¢: X; = Y; the induced map, it follows that (7,7, ¢) is an upper bound for (k,),. Similarly, let
(fn: k — k'), be a k-small family of maps in K. As 7 is s-filtered, we find a map «: pr(k’) — 4 such
that a o pz(fn) = aopz(fm) for all n,m. Again, let jo € J such that the composite X; - X — Y
factors through Yj,. As J is s-filtered, there exists j € J and maps jo — j and 8: ps (k') — j such
that Bopg(fn) = Bopg(fm) for all n,m. Denoting by ¢: X; — Y; the induced map, we obtain a
map f: k' — (i,7, ) such that fo f, = f o f,,, for all n,m. Hence, K is -filtered.

We now prove (ii). Since Z is filtered, it suffices to show that pr: K — Z is surjective on
objects. But this is clear: Let i € Z. As X; is k-compact and J is s-filtered, the composite
X, XY= ligj Y; factors through a map ¢: X; — Y;, and hence (i, j, ¢) € K is a preimage
of i. Let now jo € J and k1 = (41,71, ¢1) € K arbitrary. As J is filtered, there exists j € J and
maps 5: j1 — j and jo — j. Now, k = (i1, ], Ys¢1) € K is an object such that jo — j =ps(k). As
J is filtered, this implies that ps is cofinal.

The vertical maps in (iii) are isomorphisms by (ii), and the commutativity is clear. O

Lemma B.15. Let A be a ring and k a regular cardinal. Let M € Mod(A) be a module with
presentation

ACn) o5 AGO A 0,
where Ao, ..., Ant1 < k. Then Ext" (M, —): Mod(A) — Ab commutes with k-filtered colimits.

Proof. Let X = li_ngiez X; be a k-filtered colimit of A-modules. Then

lim Ext"™ (M, X;) = lim H" Hom(A®*), X;)

iel el
= H" (liy Hom(A+), X;))
il
= H" Hom (A", lim X;)
el
= Ext™ (M, lim X; ),
where the second identity uses that filtered colimits in Mod(A) are exact. O

Lemma B.16. Let X —» Y be an epimorphism in a Grothendieck category A. Suppose that'Y is
Kk-compact and that X = ligiez X, is a k-filtered colimit. Then there exists i € T such that the
composite X; — X — 'Y is an epimorphism.

Proof. Denote by Y, the image of X; — X — Y. We obtain a factorization
X = ligXi —» h_n; Y/ <Y,

because the formation of filtered colimits is exact in 4. As X — Y is an epimorphism, we deduce
that 11L>nZ Y/ =Y. As Y is k-compact, the identity Y — Y factors through some Y, from which we

(3

deduce Y/ =Y as desired. O
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Theorem B.17. FEvery Grothendieck category A is presentable.

Proof. By step 4 in the proof of Theorem 24.8 there exists a ring A and functors
i T
Ker(T) —— Mod(A) —— A,
t H

where T is a Bousfield localization with fully faithful right adjoint H and t is a right adjoint of 7.
Moreover, we have an equivalence of categories

A= Ker(T)* = {M € Mod(A) | Hom(C, M) =0 = Ext'(C, M) for all C' € Ker(T)} .

Observe that K = @5 A/U is a generator of Ker(T'), where S is the set of all submodules U C A
with A/U € Ker(T) (e.g., by checking the criterion (d) in Lemma 24.3). We claim that

Ker(T)* = K+.

The inclusion “C” is trivial. Conversely, let M € K. For any X € Ker(T') we choose a presentation
0 =Y = K* — X — 0 for some cardinal A\. Note that ¥ € Ker(T). The exact sequence
0 — Hom(X, M) — Hom(K™, M) = 0 shows Hom(X, M) = 0. As X was arbitrary, it also holds
that Hom(Y, M) = 0. Keeping in mind that Ext' (K M) = Ext*(K, M)* = 0, we deduce from
the exact sequence 0 = Hom(Y, M) — Ext'(X, M) — Ext' (K™, M) = 0 that Ext' (X, M) = 0,
and hence M € Ker(T)*.

Now choose a free presentation A2 — A1) 5 AQ0) K — 0 and a regular cardinal
Kk > A2,A1,A0. Then Hom(K, ) and Extl(K,_) preserve k-filtered colimits by Lemma B.15.
Hence Ker(T)* is closed under s-filtered colimits. In other words: The functor H: A — Mod(A)
preserves k-filtered colimits. But then Lemma B.10 shows that T' preserves x-compact objects.

Now, every module is a filtered colimit of finitely presented modules and hence also a k-filtered
colimit of k-compact objects, by Proposition B.12. Applying T" then shows that every object of A
is a k-filtered colimit of k-compact objects. Therefore, A is k-presentable. O

Lemma B.18. Let A be a Grothendieck category and k a regular cardinal such that A is k-
presentable. Then A" is abelian if and only if A” is closed under kernels. In this case, the inclusion
AF — A is exact and closed under extensions.

Proof. Observe that A" is closed under cokernels. Hence, if A" is closed under kernels, then A"

is an abelian subcategory. Conversely, suppose that A" is abelian. Let 0 - X — Y 1y 7 be an
exact sequence in A”. We need to show that X is also the kernel of f in A. Let A € A and write
A= li_r)niE . A; as a k-filtered colimit of k-compact objects. Consider the commutative diagram

0 —— limjezer Hom(A;, X) —— lim;ezer Hom(A;,Y) —— lim;ezor Hom(A;, Z)

00— Hom(A,X) — Hom(A,Y) —— Hom(4, 2),

where the first row is exact. It follows that the second row is exact. In other words, X is also the
kernel of f in A.
Suppose now that A" is abelian. It remains to prove that A" is closed under extensions. Let

E:=[0— X —>Y = Z — (] be an extension in A with X,Z € A" Write Y = lim __Y;
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as a k-filtered colimit of x-compact objects, so that E is a k-filtered colimit of exact sequences
0— X; =Y, - Z. By Lemma B.16 there exists i9 € Z such that Y;, =+ Z is an epimorphism.
Observe that X = @ie . X;, and hence the k-compactness of X implies that X = Mie I X; factors
through X;,, for some i; € Z. Hence, the map g: X;, —» X is an epimorphism. Enlarging i¢ and
i1, if necessary, we may assume ig = i;. Now, we have a commutative diagram

0 —— Ker(g) == Ker(g) —— 0 —— 0
| | |

0 Xi, Yi, Z 0
d I

0 X Y Z 0

with exact rows. By the four lemma, we deduce that Y;;, — Y is an isomorphism with kernel Ker(g).
As Ker(g) is k-compact by assumption, we conclude that Y = Coker(Ker(g) — Y;,) is k-compact
as desired. 0

Proposition B.19. Let A be a Grothendieck category. There exists a reqular cardinal Ao such that
for all regular cardinals A > Ao the subcategory A* C A is abelian and closed under extensions.

Proof. Let k be a regular cardinal such that A is k-presentable. Choose the regular cardinal \g > &
such that A" is Ag-small and the kernel of each map in A" is Ap-compact.

For all regular cardinals A > Ao we claim that A" is abelian and closed under extensions. By
Lemma B.18 it suffices to check that A* is closed under kernels.

Let f: X — Y be a morphism in A*. By Lemma B.14 we may suppose that f is of the form

lim f;: lim X; — lim V3,
i€t iet iet

where X;.Y; € A" and T is a A-small and k-filtered category. By assumption, Ker(f;) is A-compact.
As Ais AB5, we deduce from Lemma B.9 that Ker(f) = lim, Ker(f;) is A-compact as desired. [

Lemma B.20. Let k > Ng be a reqular cardinal and A a k-presentable Grothendieck category such
that A" is abelian. Then a morphism X — Y in C(A) with X € C(A") and Y acyclic factors
through an acyclic object in C(A").

Proof. We need k > Ny to ensure that C(.A") is closed under countable colimits.
Suppose first that X € C(A"®). Let a € Z such that H*(X) = 0 for all ¢ > a. We will inductively
construct a sequence

X=X,—2Xg1 > Xg2—-—=Y

in C(A") such that HY(X,,) = 0 for all i > n. Suppose that X,, has been defined. Consider the
pullback
\%4 ﬁ Ker(anZ X:Z' — X;H_l)

Yn=l — 5 Ker(dy: Y™ — Y F)
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and write V = hgql V; as a k-filtered colimit with V; € A®. Observe that the top horizontal

arrow is an epimorphism by Proposition 3.10. As X"~1 and Ker(dx,) are s-compact, it follows
from Lemma B.16 that the map X' — V factors through some V; such that the composite
V; = V — Ker(dx, ) is an epimorphism. Now define a complex X,,_q by X}_; = X! ifi # n—1 and
X"~! =V, with the differential induced by the one on X,,. By construction we have H(X,,_;) =0
for all i >n —1 and X,,_; € C(A"). Moreover, X’ = lim X, is an acyclic complex in C(A") such
that X — Y factors through X".

Let now X € C(A") be general. Then X = lim o 7<"X. Suppose that for some n > 0 we have
defined an acyclic complex X,, in C(A") such that 7" X — Y factors through X,,. Consider the
pushout

TSN .y pSntly

I .

/
X" Xn+1

and observe that X/, lies in C7(A"). By the definition of the pushout, the map X,, — Y factors
through a map X/, — Y, which by the discussion above factors through some acyclic complex
Xnt1 € C°(A"). By the construction the diagram

7SR —y pSntly

| |

Xp — Xag

commutes. Passing to the colimit, we obtain a factorization X = @n TSNX - hgqn X, — Y where
lim X, € C(A") is acyclic, since the formation of filtered colimits in A is exact. O

Theorem B.21. Let A be a kg-presentable Grothendieck category, where kg > Wg is a regular
cardinal such that A" is abelian. For every reqular cardinal k > ko the inclusion A% C A induces
a fully faithful functor D(A*) — D(A). In particular,

D(4) = |J D(A")
K> Ko
18 a locally small category.

Proof. From Lemma B.20 and Exercise 11.5 we deduce that the inclusion K(A") — K(A) induces
a fully faithful functor D(A*) — D(.A). Finally observe that every complex belongs to A" for some
Kk > ko by Proposition B.12(iii). O
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pointwise, 77

preservation of, 76
Kk-compact, 147
k-presentable category, 148
kernel

of an exact functor, 68

left bounded (functor), 122
local equivalence, 52
local object, 52, 78
localization, 47

Bousfield, 52
long exact sequence, v

mapping cone, 9
monoid, 1
commutative, 1
identity, 1
multiplication, 1
multiplicative system, 55
compatible with triangulation, 61

natural transformation
exact (triangulated), 36

octahedral axiom, 20

pointed category, 2
presentable category, 148
projective object, 17
pseudo-inverse, 35

quasi-isomorphism, 13

right bounded (functor), 122
roof, 56

semi-simple, 35

seven-term exact sequence, 118

shift functor, 7

spectral sequence, 108
bounded, 109
convergence, 109
total degree, 108

strict morphism, 11

subcategory
strictly full, 39
thick, 39
thick closure of, 39
triangulated, 39

t-exact, 122
left, 122
right, 122
total complex, 120
translation functor, 19
triangle, 19
distinguished, 19
morphism of, 19
split, 34
truncation, 73

weak kernel, 127

Zero
morphism, 2
object, 2
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